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FOLIATED OPEN BOOKS
VERA VE´RTESI AND JOAN E. LICATA
ABSTRACT. This paper introduces a new type of open book decomposi-
tion for a contact three-manifold with a specified characteristic foliation
Fξ on its boundary. These foliated open books offer a finer tool for study-
ing contact manifolds with convex boundary than existing models, as the
boundary foliation carries more data than the dividing set. In addition to
establishing fundamental results about the uniqueness and existence of
foliated open books, we carefully examine their relationship with the par-
tial open books introduced by Honda-Kazez-Matic. Foliated open books
have user-friendly cutting and gluing properties, and they arise naturally
as submanifolds of classical open books for closed three-manifolds. We
define three versions of foliated open books (embedded, Morse, and ab-
stract), and we prove the equivalence of these models as well as a Giroux
Correspondence which characterizes the foliated open books associated
to a fixed triple (M, ξ,F).
1. INTRODUCTION
The simplest way to produce a manifold with boundary is to cut a closed
manifold, and one goal of this paper is to render this natural operation
an effective one in the setting of contact geometry. We introduce a new
topological decomposition of a three-manifold with boundary: a foliated
open book. The simplest construction of a foliated open book is an intuitive
one: under mild hypotheses, cutting a closed contact manifold equipped
with an open book along a separating surface yields a pair of foliated open
books.
Open book techniques have been responsible for significant progress
in contact geometry over the last two decades, leading to both computa-
tional and conceptual advances in the field. Open books were first used by
Thurston and Winkelnkemper [TW75] to prove existence of contact struc-
tures, and Giroux [Gir02] upgraded them as a major tool in the field with
the well-celebrated “Giroux Correspondence”, claiming that contact struc-
tures up to isotopy are described by open books up to positive stabilization.
Open books were generalized for contact manifolds with convex boundary
by Honda,Kazez, and Matic [HKM09], and Van Horn-Morris defined an-
other version of open books for contact manifolds with toroidal boundary.
Key words and phrases. contact structure, open book, partial open book, open book folia-
tion, characteristic foliation, gluing.
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2 VERA VE´RTESI AND JOAN E. LICATA
In the latter, pages intersect the boundary torus in circles which give the
characteristic foliation on the boundary [VHM07]. Foliated open books use
a similar idea; we will require the characteristic foliation on the boundary
to be “the same” as the foliation induced by the intersection of the bound-
ary with the pages, but we adapt the condition of Honda, Kazez, and Matic
[HKM09] and require that the boundary is convex.
Our main tool for understanding the open book structure near the bound-
ary comes from open book foliations; these originate in the thesis of Ben-
nequin [Ben83], who used the singular foliation induced on a disc by the
angular open book decomposition of S3 to distinguish contact structures
on S3. These methods were later named braid foliations and were exten-
sively used by Birman and Menasco [BM92a, BM91, BM93, BM90, BM92b,
BM92c]. Pavelscu revived the notion of braid foliations in general con-
tact structures [Pav08] and they were further studied under the name open
book foliations by Ito and Kawamuro [IK14a, IK14b, IK14c, IK15b, IK15a,
IK16, IK17b, IK17a, IK19b, IK19a].
Topologically, an open book decomposition identifies the complement of
a link as a fibration, and this partition of the manifold into the binding and
pages serves to localise the twisting of the contact planes near the binding.
By definition, a contact plane field is non-integrable, but away from the
binding, the planes are nearly tangent to the pages: it becomes forgiveable
to pretend the manifold is a collection of solid tori with twisting planes
together with a foliated fiber bundle. A foliated open book extends this
fiction, decomposing a manifold with boundary into binding and pages.
In this setting, however, the pages need not have constant topology, but
may evolve via saddle resolutions. The idea of an open book adapted to
a contact manifold with boundary is not new, but there are a few key dif-
ferences between the partial open books of Honda-Kazez-Matic [HKM09]
and the present foliated open books. First, we allow arbitrarily many non-
homeomorphic page types. Second, the boundary of the manifold inherits
a singular foliation Fpi whose leaves are the intersections of the pages with
the boundary.
Before continuing, we offer a first example of a foliated open book.
Example 1.1. LetM be a solid torus embedded inR3 = {r, θ, z} as shown in
Figure 1. The foliated open book structure on M comes from decomposing
the complement of the z-axis into surfaces defined by M ∩ {θ = c}.
As c changes, the topology of the surfaces changes four times, where
each change either joins two components or splits one. The boundary
torus inherits a singular foliation from its intersections with the radial half-
planes. This foliation has elliptic singularities along ∂M ∩ {r = 0} and a
hyperbolic singularity corresponding to each saddle resolution.
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FIGURE 1. Left: M = D2 × S1 in R3. Center: Selected
pages Sc = M ∩ {θ = c}. Right: singular foliation on ∂M .
The green and blue curves in the three pictures indicate the
leaves θ = 0 and θ = pi3 , respectively.
The singular foliation on ∂M is an intrinsic part of the foliated open
book structure. Singular foliations are ubiquitous in contact geometry, most
prominently in the case of the characteristic foliation of a convex surface.
Above, we summarized the compatibility between an open book and a con-
tact structure by requiring the contact planes to be “nearly tangent” to the
pages, and this translates to foliated open books as a requirement that the
characteristic foliation on the boundary “nearly agrees” with the singular
foliation induced by the pages.
A foliated open book (B, pi,Fpi) is compatible with the contact structrure
ξ = kerα if
- α(TB) > 0;
- dα|pi−1(t) is an area form;
- the singular foliation Fpi on ∂M whose leaves are the level sets of
pi = pi|∂M “agrees with” the characteristic foliation Fξ.
Precise definitions appear in Section 3. Having noted some contrasts be-
tween partial and foliated open books before the example, we now make
the case that the world has room for yet another notion of an open book;
this rests on claims of naturality (not in the categorical sense) and gluing.
As described above, when a contact manifold arises as an embedded sub-
manifold, the foliated open book structure is immediate from that of the
ambient manifold. This makes it easy to construct examples, whereas con-
structing partial open books can be difficult in practice even for rather sim-
ple manifolds. Just as cutting is intuitive, so is gluing: keeping track of
Fpi on the boundary allows us to glue contact manifolds with foliated open
books and get a new foliated open book. Although gluing is certainly pos-
sible with partial open books, it is less straightforward.
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Theorem 1.2 (See Proposition 6.2). Suppose that the foliated open books com-
patible with (ML, ξL) and (MR, ξR) induce the same foliation along their bound-
ary. Then the contact 3-manifold (ML ∪MR, ξL ∪ ξR) formed by gluing them
has a compatible honest open book decomposition that restricts to each piece as its
original foliated open book.
1.1. Applications and results. The primary purpose for defining foliated
open books is for applications requiring cut-and-paste arguments, and an
example of this approach appears already in [Ve´r], which establishes the
additivity of the support norm for tight contact structures. We anticipate
further constructions of open books for manifolds assembled from smaller
pieces as well as applications to the study of support norms.
Foliated open books are inherently compatible with gluing, so by design
they are the right object to define the contact invariant in bordered Floer ho-
mology. We present this construction, together with its comparison to the
gluing result of Honda-Kazez-Matic, in a forthcoming paper with Alishahi,
Fo¨ldva´ri, Hendricks, and Petkova [AFH+].
It is also possible to amalgamate partial open books with foliated open
books; a limited case of this appear in the proof of Theorem 3.10], and the
general construction will be explored in [LV]. This is significant not only
as a bridge between different models, but importantly, as a tool for fur-
ther work in Heegaard Floer homology. Specifically, these amalgamations
offer a path to characterizing the higher multiplication maps in bordered
Heegaard Floer homology using only the data of sutured Heegaard Floer
invariants, as first proposed in [Zar].
These advantages would be worth little, however, if foliated open books
failed to be either sufficiently precise or sufficiently broad. We prove the
following results:
Theorem 1.3 (See Theorems 7.1, 7.2 and 3.10). Every foliated open book sup-
ports a unique isotopy class of contact structure, and every contact manifold with
a characteristic foliation that “agrees with” an open book foliation admits a com-
patible foliated open book.
As in the case of honest and partial open books, foliated open books may
be stabilized by taking a connected sum with an open book for S3.
Theorem 1.4 (Giroux Correspondence, see Theorem 6.9). Positively stabiliz-
ing a foliated open book preserves its compatibility with a contact structure, and
two foliated open books supporting the same contact structure are related by a se-
quence of positive (de)stabilizations.
Having said something about what foliated open books do, we return to
the somewhat neglected question of what foliated open books are. In fact,
we will introduce three distinct objects: embedded foliated open books,
Morse foliated open books, and abstract foliated open books. In brief:
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- An embedded foliated open book is a pair (B, pi) which could be the
restriction of an honest open book to the submanifold formed by
cutting along a surface with an open book foliation without circle
leaves. See Definition 3.1.
- A Morse foliated open book is a pair (B, pi) such that B is a properly
embedded 1-manifold and pi : M \B → S1 is a circle-valued Morse
function with only boundary critical points. See Definition 3.15.
- An abstract open book is a tuple ({Si}, h) where Si+1 is built from
Si by cutting along a properly embedded arc or by adding a one-
handle, and h : S2k → S0 is a homeomorphism. See Definition 3.12.
In Section 5 we describe how to transform a foliated open book of one
flavor into another; having several versions provides technical flexibility in
different settings, as well as more transparency in the relationship to other
open books.
The final section of the paper is devoted to the connections with partial
open books. We characterise when a foliated open book naturally gives rise
to a partial open book for the same manifold, and we show these conditions
can always be achieved via stabilization. Furthermore, we show how to
turn a partial open book into a foliated open book; as one would suspect
from the more detailed data on the boundary of a foliated open book, a
given partial open book may give rise to several non-equivalent foliated
open books.
Theorem 1.5 (See Propositions 8.10 and 8.11). Any sufficiently positively sta-
bilized foliated open book for (M, ξ) contains a partial open book for (M, ξ) as a
submanifold with page-wise inclusions. Furthermore, any sufficiently positively
stabilized partial open book may be obtained this way.
1.2. Organization of the Paper. The paper assumes familiarity with con-
tact structures, open books and Morse functions, but we found it impor-
tant to recall the basic terminology and results about open book foliations
and characteristic foliations in Section 2. Here we also introduce a techni-
cal definition of a “preferred gradient-like vector field” that will be used
throughout the paper. In Section 3 we introduce the three definitions of
foliated open books, and after setting up the local models in Section 4, we
prove their equivalence in Section 5. The last part of this section again intro-
duces a technical notion: “sorted handlebodies” are the main ingredients
in understanding the relationship between partial and foliated open books.
The main theorems that make foliated open books useful are discussed in
Section 6, together with a number of examples. We prove the existence
and uniqueness of the supported contact structures in Section 7. Section
8 explains the relationship between foliated open books and partial open
books, and we use this to prove the existence of a supporting foliated open
book and a “Giroux correspondence”. We close the paper with some brief
remarks about possible applications of foliated open books in Section ??.
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2. FOLIATIONS AND VECTOR FIELDS ON SURFACES
Although we assume familiarity with many of the standard tools of con-
tact geometry, this section carefully introduces two classical singular foli-
ations of surfaces in contact geometry: characteristic foliations and open
book foliations.
2.1. Signed foliations.
Definition 2.1. An oriented singular foliation on a surface Σ is an equivalence
class of smooth vector fieldsX on Σ, where two vector fields are equivalent
if they differ by multiplication by a smooth positive function. Zeroes of X
are the singular points and connected components of integral curves of X
are called leaves. We denote the equivalence class by F = [X].
We will often refer to an oriented singular foliation as simply a foliation.
Both the zeroes and leaves of a foliation are independent of the representa-
tive of F . We will restrict to singular foliations with isolated singularities
that are either centers (C), four-prong saddles or hyperbolic points (H), or el-
liptic points (E). See Figure 2.
FIGURE 2. Left: hyperbolic point. Center: elliptic point
(source). Right: center.
Oriented singular foliations have two types of elliptic points: sources
(E+) and sinks (E−). The leaves that limit to (from) hyperbolic points are
called (un)stable separatrices. Very often, we will further require that our
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foliation has no circle leaves, and thus, no centers. A singular foliation is
Morse-Smale if there are no leaves which connect a hyperbolic point to a
hyperbolic point. In addition to the above data, we will often assign signs
(a priori, arbitrarily) to the hyperbolic points. When |H+| = |H−|, we call
a Morse-Smale foliation with this extra information (F , H = H+ ∪ H−) a
signed foliation. A signed foliation with no circle leaves can be cut along reg-
ular leaves into square tiles, each of which contains exactly one hyperbolic
singularity; see Figure 3.
For signed foliations with no circle leaves we can define the positive graph
G++ embedded into Σ as the closure of the union of stable separatrices of
positive hyperbolic points. This is a graph whose vertices are the positive
elliptic points and whose edges are in one-to-one correspondence withH+;
each edge connects the two elliptic points at the ends of the stable separa-
trices of a single positive hyperbolic point. See Figure 3. Similarly, one can
define the negative graphG−− using unstable separatrices and negative hy-
perbolic points. A dividing curve for a signed foliation (F , H = H+ ∪ H−)
is a curve which is positively transverse to the leaves of F and bounds
R+ = N(G++). Up to isotopy through curves with this property, we could
have defined Γ as the boundary of R− = N(G−−) with the opposite orien-
tation. In fact, up to isotopy through curves positively transverse to F , Γ is
the unique curve that is positively transverse to F and separates H+ from
H−. We say that Γ divides the signed foliation (F , H = H+ ∪H−).
e+ e
_
ee
_
e+ e
_
ee
_ ++
h+ h
_
us us
FIGURE 3. The bold curves show G++ on a tile defined by
a positive (left) and negative (right) hyperbolic point, and
the red neighborhood is Γ. That the separatrices are labelled
with u and s for unstable and stable, respectively.
Definition 2.2. Two signed foliations (F , H = H+∪H−) and (F ′, H ′ = H ′+∪
H ′−) on Σ are topologically conjugate if there is a homeomorphism ψ of Σ that
takes the leaves of F to the leaves of F ′, while respecting the partition of
the hyperbolic points by sign (i.e., ψ(H±) = H ′±). Two signed foliations
are strongly topologically conjugate if they are topologically conjugate via a
homeomorphism in the identity mapping class of Σ and there is a common
curve Γ on Σ that separates both F and F ′.
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Although we have chosen to define a foliation as a vector field, the pres-
ence of an area form ω on Σ offers an equivalent definition as a dual 1-form.
Specifically, one may define an oriented singular foliation as the kernel of
a 1-form β, where ιXω = β. In computations, it is often more convenient
to use 1-forms, so we will assume a fixed ω and move freely between these
two perspectives.
2.2. Characteristic foliation. Characteristic foliations provide natural ex-
amples of signed foliations, and here we recall some results relevant to our
paper. See [Gir00] for further discussion.
Definition 2.3. Let j : Σ ↪→ M be a smooth embedding of a surface Σ
into a contact 3–manifold (M, ξ), and let α be some contact form satisfying
kerα = ξ. The characteristic foliationFξ(Σ) = Fξ is the kernel of the pullback
j∗α|Σ.
As noted above, Fξ can equivalently be defined by the vector field X
satisfying ιXω = α|Σ. Note that with either definition, Fξ is well defined
only up to multiplication by a positive smooth function on Σ. The leaves of
the characteristic foliation are immersed Legendrian curves on Σ, but the
definition presented above is stronger than simply identifying the leaves as
sets.
At regular points, the leaves ofFξ are tangent to TpΣ∩ξp, oriented so that
the vectors evaluating positively under α on TpΣ co-orient the leaves. The
singular points are exactly the points where TpΣ = ξp. A singular point
is positive (respectively, negative) if the orientations of TpΣ and ξp agree
(disagree). We will see below that this sign agrees with the sign already
defined for elliptic points, and that characteristic foliations have no centers.
Depending on the sign of a singular point ±d(α|Σ) = d(α|ξ) = dα|ξ; this is
non-degenerate, as α is a contact form. This means, again depending on
the sign of the singular point, that ±d(α|Σ) is an area form on Σ. Thus the
isolated singular points of Fξ can only be elliptic or hyperbolic. The sign of
elliptic points is positive for sources and negative for sinks. Moreover, this
sign convention for hyperbolic points automatically makes characteristic
foliations signed.
One may recognize the 1-forms that arise as characteristic foliations:
Theorem 2.4 (Giroux, [Gir00]). A 1-form β on a surface Σ is the restriction of
some contact form for some embedding of Σ in some contact manifold if and only
if ±dβ is an area form at the singular points. 
We distinguish an important class of surfaces in a contact manifold: those
whose neighborhoods have I-invariant contact structures. A contact vector
field is a vector field X whose flow preserves the contact structure ξ, and
an embedded surface Σ is convex if there is a contact vector field trans-
verse to it. Convex surfaces are naturally equipped with dividing curves
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Γ = {p : Xp ∈ ξp} and in fact, the existence of dividing curves for a charac-
teristic foliation detects convexity:
Theorem 2.5 (Giroux [Gir91]). An embedded surface Σ is convex if and only if
there is a curve Γ that divides β = α|Σ. 
The usual definition of the “dividing curve” of Fξ in contact geometry
is at first glance slightly stronger and begins with a fixed vector field X
which represents Fξ. We require that X is positively transverse to Γ; that
there exists an area form Ω such that Γ = {divΩX = 0}; and that R± is
{±divΩX > 0}. We will see in the following that the two notions for di-
viding are equivalent, but until then we denote the stronger, divergence-
dependent definition by “geometrically divide”, and our original, Xp ∈ ξp
definition by “topologically divide”.
In order to translate the definition of geometric dividing curves to the
world of 1-forms, fix X and choose β′ = ιXΩ, a form which defines the
same foliation Fξ. Then the characteristic foliation Fξ is geometrically di-
vided by Γ if and only if Γ = {dβ′ = 0} and β′|Γ orients Γ. In this case R±
is defined by {±dβ′ > 0}. The equivalence of the two notions of dividing
now follows from the following lemma:
Lemma 2.6. If the characteristic foliation Fξ is topologically divided by Γ, then it
has a representative 1-form β′ so that Γ = {dβ′ = 0}.
Proof. Though this statement is standard in contact geometry, we recall the
proof for later use. Starting from an arbitrary 1-form β defining Fξ, we
will look for β′ in the form β′ = gβ, for some positive function g. Let
A ∼= [−ε, ε]× Γ be a neighbourhood of Γ with coordinates (u, v), so that Fξ
is given by ∂u and Γ = {u = 0}.
Choose a Morse function h on Σ whose gradient flow with respect to
some metric directs Fβ and that satisfies the following conditions:
- Γ = h−1(0);
- A = h−1[−ε, ε], so that h = u;
- ∂u orients the level sets of h.
Such a Morse function exists by Theorem B of [Sma61], and we use it to
define g = h2 + 1 − 2ε. Assuming that ε < 1/2, the function g is indeed
positive on Σ, β′(TΓ) = gβ(∂u) > 0, and
±dβ′ = ±dg ∧ β ± gdβ.
The second term on the right vanishes away the singular points and is a
positive multiple of a volume form near the singular points. As for the first
term, we have dg = 2hdh. Recall that the gradient vector field of h directs
Fβ , so dh ∧ β > 0 and the sign of h is ± in R±. This proves that ±dβ′ > 0
everywhere on R± as required. 
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Remark 2.7. Notice that in the proof above, g = h2 + 1− 2ε ≤ 1− ε < 1 on
A. We will use this in Lemma 4.2.
From now on we will generally not distinguish the two notions of divid-
ing, although this may require us to change the defining 1-form in order
to assume that some Γ is geometrically dividing. For example, Lemma 4.2
will require a specific choice of 1-form.
One can also give a local model for the contact structure in the neigh-
bourhood of Σ as follows. As above, let A = N(Γ) ∼= [−ε, ε] × Γ with the
given coordinates. Then the contact structure on Σ× I(z) is given as:
Proposition 2.8 (Giroux, [Gir91]). Suppose that Fξ is (geometrically) divided
by Γ with respect to the representative β′. Then there is a function f : Σ→ [−1, 1]
such that f−1(±1) = R′±; on A, f depends only on u and is a monotonically
decreasing function of u; f−1(0) = Γ; and α = β′ + fdz is a contact form on
Σ× I . 
2.3. Open book foliations. There is yet another foliation related to contact
structures, the open book foliation introduced first in the context of the angu-
lar open book for the standard contact structure in S3 in [Ben83] and then
later generalized in [Pav08] and [IK14a]. Let Σ be a surface, this time em-
bedded in a manifold M equipped with an open book (B, pi). After a C∞-
isotopy of Σ, one may assume that Σ is transverse to B. Define E = B ∩ Σ
to be the set of elliptic points. After possibly applying a further C∞-isotopy
of Σ, we may assume that pi = pi|Σ : ΣrE → S1 is a circle-valued Morse
function with at most one critical point on each level. For any such surface,
the open book foliation is defined in [IK14a] as the level sets of pi. In order to
align this with our use of the word foliation, we will define an equivalence
class of vector fields whose integral curves are the level sets of pi.
Consider the 1-form dpi on Σ \ E and recall that an elliptic point e ∈ E±
has a neighborhood D2ε(r, ϑ) where pi = ±ϑ. Define γ = ±Ψε/2ε/4(r2 − 1)dpi+
dpi, where Ψε/2ε/4 is a smooth bump function that equals 1 for r < ε/4, equals
0 for r > ε/2, and is strictly monotonically decreasing on [ε/4, ε/2]. Extend
γ by 0 on e.
Up to multiplication by a smooth positive function, γ does not depend
on any of the above choices. The signs of the elliptic points of Fpi come
from the signs of the intersections of the oriented binding B with Σ, while
each hyperbolic point inherits a sign when we compare the orientation of
the level sets of pi with the orientation of Σ. Thus we recover a signed
foliation, but with further structure coming from the map pi. We summarise
the relationship between this data in the next definition.
Definition 2.9. An open book foliation on an oriented surface Σ is a signed
foliation (F = [γ], H = H+∪H−) and a function pi that satisfy the following
conditions:
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(1) letting E denote the set of elliptic singularities of F , pi : Σ \ E → S1
is a circle-valued Morse function with only index 1 critical points
exactly at H ;
(2) on each connected component of Σ, there is at most one critical point
for each critical value of pi;
(3) γ = dpi on Σ \ N(E), and near each elliptic point, γ is as described
above;
(4) the partition of E into E+ ∪ E− is induced by the orientation of Σ
and M ;
We denote an open book foliation on Σ by (Fpi, pi,H = H+ ∪H−).
Note that if a surface is embedded in a manifold with an open book, then
it inherits an open book foliation, but this definition allows us to define an
open book foliation on an abstract surface. This is justified by the following
somewhat vague statement, a more precise version of which is proved as
Propositions 4.1 and 4.3.
Theorem 2.10. Suppose that (Fpi, pi,H = H+∪H−) is an open book foliation on
Σ. Then there exists a manifold M with open book decomposition (B, pi) such that
Σ embeds into M and the inherited open book foliation on Σ agrees with the origi-
nal one. Furthermore, pi is determined up to diffeomorphism on a neighborhood of
Σ by the requirement that pi|Σ induces (Fpi, pi,H = H− ∪H+).
Restricting the open book (B, pi) to N(Σ) of Σ produces an explicit local
model for a product neighborhood of Σ; see Corollary 4.6. Whenever a
surface is already embedded in a manifold with an open book, however,
we assume that (Fpi, pi,H = H+ ∪H−) is the induced open book foliation.
A relationship between open book and characteristic foliations is proved
in [IK14a]:
Proposition 2.11 (Theorem 2.21, [IK14a]). If Σ is a surface in (B, pi) with open
book foliationFpi with no circle leaves, then there is a contact structure ξ supported
by (B, pi) such that Fpi is strongly topologically conjugate to Fξ. 
Remark 2.12. The original proof of [IK14a] claims only topological conju-
gacy, but in fact the stronger condition follows from their argument.
Remark 2.13. For an open book foliation, d(dpi) = 0 everywhere, while for
characteristic foliationsFβ , dβ 6= 0 at the hyperbolic points. Since we define
foliations as 1-forms (or equivalently, vector fields), this is the strongest
compatibility of foliations that one might hope for; contrast this to Remark
2.22 in [IK14a], where foliations are viewed only as collections of leaves.
Example 2.14. The existence of the function pi is essential for open book
foliations and does not follow from the other conditions. Figure 4 shows the
singular leaves of a signed foliation which cannot be induced as the level
sets of an S1-valued function. Two separatrices from the shaded hyperbolic
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point terminate at the shaded elliptic point, while only one separatrix from
the unshaded hyperbolic point terminates at the shaded elliptic point; this
cannot occur in an open book foliation. To construct such an example on a
closed surface, double the annulus to yield a signed foliation on a torus.)
+
-
+
-
+
-
FIGURE 4. In this signed foliation on the annulus, boxes rep-
resent hyperbolic points and circles represent elliptic points.
2.4. Gradient-like vector fields. When the leaves of a singular foliation
arise as the level sets of a function, the gradient vector field with respect to
some metric has the same singular points but is otherwise transverse. In the
absence of a designated metric, one may consider gradient-like vector fields,
which share many of the same properties. More formally, a vector field X
on a cobordism M is gradient-like for pi if X is positively transverse to the
level sets of pi away from the critical points; X is tangent to the vertical
boundary; and X can be described via the standard Morse model near the
critical points. See [BNR16] for details. The Morse function pi has a such a
gradient-like vector field if and only if the critical points of pi agree with the
critical points of pi|∂M .
For a fixed gradient-like vector field defined on a manifold with bound-
ary, let W s(h) (respectively, W u(h)) denote the (un)stable submanifold of
a critical point h. If the critical point h lies on the boundary, let ws(h) and
wu(h) denotes the critical submanifolds of the restriction of the gradient-
like vector field to ∂M . Equivalently, ws(h) = W s(h) ∩ ∂M and wu(h) =
W u(h) ∩ ∂M .
Given an oriented surface Σ with a circle-free open book foliation (Fpi, pi,H =
H+∪H−), we define a special class of gradient-like vector fields for pi which
are characterized by the relationship between their flowlines and the leaves
of Fpi. These will play an important role in Section 8.3. We begin by setting
some notation and constructing an example, before stating Definition 2.15
at the end of the section.
As noted in Section 2.1, the surface Σ naturally decomposes into quadri-
lateral tiles, each of which contains precisely one hyperbolic point and
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whose boundary consists of regular leaves connecting elliptic point cor-
ners. Let ∇pi be a vector field whose flowlines on such a tile are shown in
Figure 5. (Since we are only interested in the qualitative behavior of the
flowlines near the critical points, we are free to assume the required coor-
dinate model.)
+
-+
-
FIGURE 5. The flow of∇pi on a tile.
More precisely, ∇pi vanishes exactly at the singular points of Fpi, is posi-
tively transverse to the level sets of pi, and rotates infinitely many times pos-
itively (respectively, negatively) near the positive (negative) elliptic points.
By construction, ws(h) and wu(h) connect the same pairs of elliptic points
as did the separatrices of h in Fpi. Away from the elliptic points, the flow-
lines of∇pi are “close” to the level sets of pi in the sense described next.
For “closeness”, we further require that there is a small ε > 0 and a small
neighbourhood N of the elliptic points so that for any hyperbolic point h
with pi(h) = th,
- ws(h) \N intersects pi−1(t) only for t ∈ [th − ε, th];
- wu(h) \N intersects pi−1(t) only for t ∈ [th, th + ε].
The hyperbolic points of Fpi inherit a cyclic order from the codomain of
pi, and we can partially recover this order from the vector field constructed
above. Namely, for the set of hyperbolic points of a fixed sign with sepa-
ratrices to any fixed elliptic point, the order in which the seperatrices hit
any regular leaf for the first time agrees with the restriction of the original
cyclic order to this subset of hyperbolic points. In Section 8, we will require
exactly this property from the gradient-like vector field for pi. See Figure 6.
Definition 2.15. A gradient-like vector field ∇pi for Fpi is preferred if the
following properties hold:
- for each regular time t and for each component I of pi−1(t) with
∂I = {e+, e−}, there exist disjoint subintervals I+ and I− such that
I+ contains e+∪
⋃
h
(
ws(h)∩I) and I− contains e−∪⋃h (wu(h)∩I).
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- for positive hyperbolic singularities h1, h2 with critical values 0 <
pi(h1) < pi(h2) < 1, the first intersection of ws(h2) with I+ is closer
to e+ than the first intersection of ws(h1) with I+;
- for negative hyperbolic singularities h1, h2 with 0 < pi(h1) < pi(h2) <
1, the first intersection of wu(h2) with I− lies closer to e+ than the
first intersection of wu(h1) with I−.
-
+ +
-
-
-
+
+
t1
t2
t1
t2
-
-
-
-
s
u
u
s
+I
-
I
FIGURE 6. The order of the positive (respectively, nega-
tive) hyperbolic points connected to a fixed elliptic point is
encoded in the order that their stable (unstable) separatri-
ces first intersect pi−1(0). Each figure shows two tiles which
share a regular leaf along the boundary. On the left, the in-
tervals I+ and I− on a regular leaf are thickened.
Definition 2.15 lists properties satisfied by the the vector field ∇pi con-
structed above, proving the next lemma.
Lemma 2.16. Any open book foliation admits a preferred gradient-like vector field.

In Section 8 we will consider the question of when a preferred ∇pi de-
fined on ∂M may be extended “nicely” to the interior of M .
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3. FOLIATED OPEN BOOKS
In Section 3.1 we introduce the central object of the paper, embedded
foliated open books. We provide some examples of embedded foliated
open books and define the compatibility between these and contact struc-
tures. At the end of the section, we introduce two variations: abstract open
books and Morse foliated open books. These offer increased flexibility and
perspective, and the rather technical proofs relating these notions are de-
ferred until Section 5. Suppose throughout that M is a smooth oriented
3–manifold with boundary.
3.1. Embedded foliated open books. The key object of this paper —a fo-
liated open book— is motivated in part by trying to understand the result
of cutting an open book (B, pi) along an embedded surface that admits an
open book foliation with no circle leaves.
Definition 3.1. An embedded foliated open book is a pair (Be, pie), where Be is
an oriented properly embedded 1-manifold in M and the function pie : M \
Be → S1 is a regular function such that the the following hold:
(1) the restriction pie = pie|∂M is an S1-valued Morse function;
(2) the closure St of each level set pi−1e (t) is a cornered surface with
boundary B ∪ pi−1e (t) and corners E = B ∩ pi−1e (t);
(3) the restriction1 of pie to each component of ∂M has a unique critical
point for each critical value;
(4) the level sets of pie have no circle components.
Remark 3.2. From item (4) it follows that the critical points of pie can only
be of index 1.
Example 3.3. Suppose Σ is a surface embedded in a closed manifold M
with an open book (B, pi), and suppose that the open book foliation Fpi has
no circle leaves. Then the restriction of pi to each component of the closure
of M \ Σ is an embedded foliated open book.
Example 3.4. More generally, one may consider a surface surface Σ with
boundary ∂Σ = T transverse to the pages of (B, pi). In this case the open
book foliation Fpi on Σ points transversally out of or into T , depending on
whether component of T in question is positively or negatively transverse
to the pages. After cutting along such a Σ, the boundary of M \ Σ is the
double of Σ and the foliation is the union along T of Fpi with its negatively
oriented copy.
After cutting along an embedded Σ, the new components of the bound-
ary retain open book foliations in the sense of Definition 2.9. In this case,
1We restrict to individual components of ∂M so that cutting an open book along a non-
separating surface will still produce a foliated open book.
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the signs of the hyperbolic points are induced by their signs as singulari-
ties of the embedded Σ, but the same reasoning assigns signs to hyperbolic
singularities on the boundary of any embedded foliated open book.
Choose a gradient-like vector field ∇pie for pie; here, only, we consider
gradient-like vector fields which can be transverse to the boundary. LetH+
denote the set of hyperbolic singularities of pie where ∇pie points out of M ,
let H− be the set of hyperbolic singularities of pie where∇pie points into M ,
and let E+∪−E− = Be∩∂M . We assume these signs in the next statement;
the proof follows immediately from the definitions just introduced.
Proposition 3.5. Suppose that Be is a properly embedded 1–manifold in M and
pie : M \ Be → S1 is a regular function. Then (Be, pie) is an embedded foliated
open book if and only if (Fpie , pie, H = H+ ∪H−) is an open book foliation on ∂M
with no circle leaves. 
Interestingly, even Item (2) in Definition 3.1 is forced on pie by the condi-
tions on Fpie near the elliptic points.
In some settings, we will not want to distinguish circle-valued functions
that are just reparametrizations of each other, so we introduce an equiva-
lence relation that makes sense in the context of surfaces with open book
foliations as well as open books of various sorts.
Definition 3.6. Two (embedded foliated) open books (B, pi) and (B′, pi′)
are reparamterizations if there exist neighborhoods N(B) and N(B′) and a
diffeomorphism p : S1 → S1 satisfying the following:
(1) for each component Bi of B or B′, the designated neighborhood
intersects each page in a subsurface homeomorphic to Bi × I ; and
(2) on the complement of the designated neighborhoods, pi′ = p ◦ pi.
Two open book foliations are reparameterizations if there exist neighbor-
hoodsN(E) andN(E′) and a diffeomorphism p : S1 → S1 such that on the
complement of the neighborhoods of the elliptic points, pi′ = p ◦ pi.
This notion of equivalence is a reasonable one to consider for several rea-
sons. Readers familiar with abstract open books will recognise it as an un-
avoidable indeterminacy in a manifold constructed from the abstract data
(S, h), although it is often not stated explicitly. It will be useful to have the
flexibility to reparameterize open books when we state gluing theorems in
Section 6.2, and in some cases we are concerned only with the underlying
signed oriented foliation on a surface, rather than the full data of an open
book foliation.
From now on we will refer to embedded foliated open books by the triple
(Be, pie,Fpie) to emphasize the open book foliation on the boundary. Unless
otherwise specified, we will consider pie and Fpie up to reparameterization.
Given a manifoldM whose boundary has an open book foliation (Fpi, pi,H =
H− ∪ H+), we say that an embedded foliated open book (Be, pie,Fpie) for
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M is compatible with the pair (M,Fpi) if Fpie = Fpi. In general we call an
oriented 3-manifold M together with an open book foliation on ∂M that
is defined up to reparameterization a 3-manifold with foliated boundary. To
simplify the notation, we will denote this by (M,Fpi), rather than the more
precise (M,F[pi]).
Two 3-manifolds with foliated boundary (M,Fpi) and (M ′,Fpi′) are dif-
feomorphic if there is a diffeomorphism ψ : M → M ′ that restricts on the
boundary to a diffeomorphism of the open book foliations Fpi to Fpi′ . If
M = M ′ and ψ is an isotopy, we say that (M,Fpi) and (M,Fpi′) are isotopic
3-manifolds with foliated boundaries.
Two embedded foliated open books (Be, pie,Fpie) for (M,Fpie) and (B′e, pi′e,F ′pie)
for (M ′,Fpi′e) are diffeomorphic if there is a diffeomorphism ψ : (M,Fpie) →
(M ′,Fpi′e) that takes Be to B′e and pi′e ◦ ψ = pie. If M = M ′ and ψ is iso-
topic to the identity, then we say that the embedded foliated open books
(Be, pie,Fpie) and (B′e, pi′e,F ′pie) are isotopic to each other.
Examples of foliated open books are given in Section 6.3 and in Corol-
lary 4.6. The interested reader is advised to review these now for better
intuition.
3.2. Compatible contact structures. Foliated open books, like their partial
and closed cousins, are intended as a tool to study contact manifolds.
Definition 3.7. Given a contact manifold (M, ξ) with boundary, let Fξ de-
note the characteristic foliation on ∂M . The embedded foliated open book
(B, pie,Fpie) supports the contact structure ξ if there is a contact 1-form α for
ξ such that
(1) dα is a positive area form on the interior of each page S˚t = pi−1(t);
(2) α > 0 on TB;
(3) Fpi and Fξ are strongly topologically conjugate on ∂M .
Remark 3.8. By Lemma 2.6, Γ (geometrically) divides the characteristic fo-
liation. Thus ∂M is automatically convex.
In Section 7.2 we will prove the following:
Theorem 3.9. Any embedded foliated open book supports a unique contact struc-
ture.
We prove the converse in Section 8.5:
Theorem 3.10. Let (M, ξ,Fξ) be a contact manifold and assume thatFξ is strongly
topologically conjugate to an open book foliation Fpi with no circle leaves. Then
there is a foliated open book (B, pi,Fpi) supporting ξ. In particular, ∂B = E+ ∪
−E− and pi : M \B → S1 is an extension of pi.
The following example shows that the circle free condition is essential
for the claim that a supported contact structure always exists.
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Example 3.11. Suppose that S is a component of a page of a foliated open
book which is topologically a disc, so that ∂S is a circle component of a leaf
of the open book foliation on the boundary. Since Fξ and Fpi on ∂M are
strongly topologically conjugate by definition, we may isotope S so that
the characteristic foliation has a circle C bounding a disc. By construction,
this circle is Legendrian.
Since C comes in an interval of Legendrian circles in Fpi, its linking
number with a Legendrian push-off —and hence, its Thurston-Bennequin
number— equals 0. On the other hand, we will show in Proposition 7.3
that the restriction of any supported contact structure to a handle body as-
sociated to a sequence of consecutive pages is tight, which contradicts the
existence of the overtwisted disc S.
3.3. Abstract foliated open books. The discretised version of an embed-
ded foliated open book is an abstract foliated open book. These are combi-
natorial objects, and they specify manifolds with foliated boundary only up
to diffeomorphism. Here we present an independent definition for abstract
foliated open books, one which will be unsurprising for readers familiar
with other types of open books. We defer an explanation of the equivalence
between abstract and embedded foliated open books to Section 5, after we
have introduced an intermediate object, called Morse foliated open books,
in Section 3.4.
Definition 3.12. An abstract foliated open book is a tuple ({Si}2ki=1, h) where
Si is a surface with boundary ∂Si = B∪αi 2 and corners at E = B∩αi such
that
(1) for all i, αi is a union of intervals;
(2) the surface Si is obtained from Si−1 by either
-(add): attaching a 1-handle along two points {pi−1, qi−1} ∈ αi−1; or
-(cut): cutting Si−1 along a properly embedded arc γi−1 with end-
points in αi−1 and then smoothing. (See Figure 7).
γ
cut
add p
q
FIGURE 7. The cutting and adding operations on successive
pages are inverses of each other.
Furthermore, h : S2k → S0 is a diffeomorphism between cornered sur-
faces that preserves B pointwise.
2By a slight abuse of notation we denote the ”constant” part of the boundary of Si by B
for all i.
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Note that the operations (add) and (cut) are opposites of each other; if
S
add−−→ S′ along p and q, then S′ cut−−→ S along the cocore of the new 1-handle,
and vice versa. When we would like to specifically identify the attaching
sphere or arc, we will record it under the arrow, as below.
Definition 3.13. Two abstract foliated open books ({Si}2ki=0, h) and ({S′i}2k
′
i=0, h
′)
are diffeomorphic to each other if k = k′ and there is a sequence of cor-
nered diffeomorphisms {ψi : Si → S′i}ki=1, all of which agree on B; satisfy
ψi(B) = B
′; and are compatible with the handle attachments and cutting:
- if Si−1
cut−−−→
γi−1
Si, then S′i−1
cut−−−→
γ′i−1
S′i, where γ
′
i−1 = ψi−1(γi−1) and ψi
is the restriction of ψi−1 to Si ⊂ Si−1;
- if Si−1
add−−−−−−→
pi−1,qi−1
Si, then S′i−1
add−−−−−−−−−−−−−−→
ψi−1(pi−1),ψi−1(qi−1)
S′i, where ψi re-
stricts as ψi−1 on Si−1 and maps the attached handles to each other;
and
- h′ = ψ0 ◦ h ◦ ψ−12k .
Next, we define an operation that allows us to freely choose which page
is indexed as S0. This is more than merely notation, as our definition re-
quires the monodromy to be a homeomorphism of this page.
Definition 3.14. The shift of an abstract open book ({Si}2ki=0, h) is
({Si[1]}2ki=0, h[1]) = ({S1, S2, . . . , S2k, S′1}, h′),
where
- if S0
cut−−→
γ0
S1, then S′1 is defined by the relation S2k
cut−−−−−→
h−1(γ0)
S′1 and h′
is the restriction of h to S′1;
- if S0
add−−−→
p0,q0
S1, then S′1 is defined by the relation S2k
add−−−−−−−−−−→
h−1(p0),h−1(q0)
S′1 and h′ is h extended by the identity on the added 1-handle.
An r-fold iteration of the shift operation is called an r-shift, and denoted by
({Si[r]}2ki=0, h[r]). One can analogously define r-shifts for r < 0.
As we will see, the above two moves preserve the diffeomorphism type
of the defined 3–manifolds with foliated boundary. Two abstract foliated
open books are conjugates of each other if they are related by a finite se-
quence of diffeomorphisms and shifts.
3.4. Morse foliated open books. To conclude this section, we introduce a
final type of foliated open book. Morse foliated open books form a bridge
between embedded foliated open books and abstract foliated open books.
Their utility arises from the fact that — in contrast to embedded foliated
open books— the S1-valued function defining the pages ofM has the same
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critical points as its restriction to ∂M . Thus the boundary critical points
have stable and unstable manifolds embedded as submanifolds of M . A
Morse foliated open book may be obtained from an embedded foliated
open book by slightly modifying pie near the boundary, a procedure de-
scribed in detail in Section 5.1. The pages of embedded foliated open books
and Morse foliated open books are essentially the same, and we will not
distinguish between them once we have clarified their relationship.
Definition 3.15. A Morse foliated open book for M is a pair (Bm, pim), where
Bm is an oriented properly embedded 1-manifold in M and the function
pim : M \ Bm → S1 is an S1-valued Morse function such that the following
hold:
(1) the level sets of pim = pim|∂M have no circle components;
(2) the closure St of each level set pi−1m (t) is a cornered surface with
boundary B ∪ pi−1m (t) and corners E = B ∩ pi−1m (t);
(3) all the critical points of pim are on ∂M ;
(4) pim is Morse function with the same critical points as pim; and
(5) the restriction of pim to each component of ∂M has a unique critical
point for each critical value.
Remark 3.16. It follows from condition (1) that the critical points of pim
have index 1. Condition (4) implies that the critical points of pim have index
1 or 2 and that pim has a gradient-like vector field ∇pim that is tangent to
∂M . All gradient like vector fields for pim will automatically be assumed to
have this property.
As in the case of an embedded foliated open book, the boundary of a
Morse foliated open book naturally inherits an open book foliation Fpim . In
this case, ∂Bm = E+ ∪ −E−, and H+ is the set of index 2 critical points of
pim, while H− is the set of index 1 critical points of pim.
Just as for embedded open books we can define diffeomorphism and iso-
topy of Morse foliated open books. The definitions for supported contact
structure and stabilisation depend only on the binding and the pages of an
embedded foliated open book, rather than the specific function pie, so these
definitions can be extended verbatim to Morse foliated open books.
4. LOCAL MODELS
This is a technical section that may be skipped at first reading. As a start,
we provide a neighborhood theorem for open book foliations on surfaces
in Section 4.1, and we construct an explicit model for this neighborhood in
Section 4.2. Taken as a whole, this section lays the groundwork for moving
between embedded, Morse, and abstract foliated open books. Such free-
dom will be extensively employed in the rest of the paper, and the reader
may wish to survey the results in Section 5 which describe the precise no-
tions of equivalence between the various types of foliated open books.
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4.1. Neighborhood Theorem. The key theorem extends to open book foli-
ations of the usual neighborhood theorems for characteristic foliations.
Proposition 4.1 (Neighborhood Theorem). Let (B, pi) and (B′, pi′) be open
books for the 3–manifolds M and M ′ respectively. Let Σ ↪→ M and Σ′ ↪→ M ′ be
embedded surfaces with induced open book foliations (Fpi, pi,H = H+ ∪H−) and
(F ′pi, pi′, H ′ = H ′+∪H ′−). Suppose that there is a diffeomorphism ψ : Σ→ Σ′ that
takes the two open book foliations to each other; i.e., ψ(E) = E′, pi′ ◦ ψ = pi, and
ψ(H±) = H ′±. Then there are neighborhoods N = N(Σ) and N ′ = N(Σ′) and
an extension of ψ to Ψ: N → N ′ so that
(1) Ψ(B) = B′;
(2) pi′ ◦Ψ = pi;
(3) Ψ(B ∩ N) = B′ ∩ N ′ and Ψ maps the trivialisation of N(B) ∩ N ∼=
(B ∩ N) × D2 in which pi = ϑ to the trivialisation of N(B′) ∩ N ′ ∼=
(B′ ∩N ′)×D2 in which pi′ = ϑ.
Moreover, one can choose supported contact structures (M, ξ) and (M ′, ξ′) for
(B, pi) and (B′, pi′), respectively, so that Ψ is a contactomorphism between (N, ξ|N )
and (N ′, ξ′|N ′).
Proof. Let us first describe local models around the points of Σ ⊂ M . For
each point p ∈ Σ we will give a neighborhood D2p × I of p in M with coor-
dinates adapted to (B, pi). These coordinates are chosen by a repeated use
of the Implicit Function Theorem, and both the neighborhood D2p and the
interval I might shrink as we make our additional choices.
In the neighborhood of a regular point p of the foliation Fpi we can choose
local coordinates (u, v, z) on M so that v = pi − pi(p), Σ = {z = 0} with
orientation (∂u, ∂v) and coorientation ∂z, and the foliation Fpi is directed
by ∂u. We call such a coordinate system in neighborhood that only con-
tains regular points of Fpi an adapted coordinate system. The set of adapted
coordinates in a given neighborhood U is convex.
Around an elliptic point e ∈ E± of Fpi, we know that B t Σ at e ∈ E±,
and N(B) ∼= B(ϕ) ×D2(r, ϑ). In these coordinates, e = (ϕ0, 0, 0), and in a
sufficiently small neighborhood we can write Σ ∩ N(B) as the graph of a
function f : {ϕ0}×D2 → R that fixes {ϕ0}×{0}. Since Σ is transverse to B
we have df 6= dϕ at the origin of {ϕ0} ×D2, so the Implicit Function Theo-
rem allows us to choose coordinates (z = f − ϕ, r, ϑ). In these coordinates
Σ = {z = 0}, B is oriented by ∂z, Σ is cooriented by ±∂z, and pi = ϑ.
In a neighborhood of a hyperbolic point h ∈ H±, the function pi = pi|Σ
is Morse with an index 1 critical point h. By the Morse Lemma and since
the differential of pi in the I-direction is nonzero, we can apply the Implicit
Function Theorem and choose coordinates (x, y, z) so that Σ = {z = 0} and
pi−pi(h) = z−y2+x2. The surface Σ is cooriented by±∂z andFpi is directed
by y∂x+ x∂y.
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As a next step we consider the intersections of these coordinate systems.
First, choosing sufficiently small neighborhoods ensures that the neighbor-
hoods of elliptic and hyperbolic points described above are all disjoint.
If q is a regular point in the neighborhood of another regular point pwith
a coordinate system (u, v, z) as above, then we can write q = (u0, v0, 0) and
construct a new adapted coordinate system:
(u′, v′, z′) = (u− u0, v − v0, z).
Let p = (0, r0, ϑ0) 6= (0, 0, 0) be a regular point on Σ in the neighborhood
of e ∈ E±. Then pi(p) = ϑ0 and the coordinates:
(u′, v′, z′) = (±(r − r0), ϑ− ϑ0,±z)
give an adapted coordinate system around p.
Similarly, let p = (x0, y0, 0) 6= (0, 0, 0) be a point on Σ in the neighbor-
hood of h ∈ H±.
Then
(u′, v′, z′) =
(
xy − x0y0, (z − y2 + x2)− (−y20 + x20),±z
)
gives an adapted coordinate system in a neighborhood of p.
Finally, using these local models for Fpi and F ′pi we can define local maps
that take the corresponding coordinate systems to each other. Then we can
use a partition of unity to construct a global map Ψ: N → N ′ from the local
ones. Near the elliptic points, the map brings the coordinate systems for
the elliptic points to each other, so ψ satisfies conclusion (3). Conclusion
(1) is automatically satisfied by the construction. As for conclusion (2), we
need to check that pi′ ◦Ψ = pi. This is certainly true for the local maps, and
the construction of Ψ used their convex combinations. In the above change
of coordinate systems, the value of pi was implicit in the system, so we
can assume that we only need to take the convex combination of adapted
coordinate systems in the neighborhood of regular points. These form a
convex set, thus the value of pi′ ◦Ψ is unchanged while taking their convex
combination.
As for the second part, concerning compatible contact structures, let
(S, h) be an abstract open book corresponding to (B, pi). From now on
we will assume that M is identified with M(S, h). We briefly recall the
Thurston–Winkelnkemper construction [TW75] of a contact structure ξ˜ =
ker α˜ on M supported by (B, pi). The construction depends on
- a 1-parameter family of 1-forms (βt)t∈[0,1] on the page S, such that
dβt is an area form on S with total area 2pi and h∗β0 = β1; and
- a sufficiently large constant C˜.
Then the contact form α˜ is defined away fromN(B) by βt+C˜dt. In a smaller
neighborhood of the binding identified asB(ϕ)×D2(r, ϑ), the contact form
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α˜ is given by 2dϕ+ r2dϑ. In the complement of the two neighborhoods the
construction gives an explicit mutual extension of the two 1-forms.
Let (S′, h′) be the abstract open book corresponding to (B′, pi′), and as
before, assume that M ′ is identified with M(S′, h′). Take the 1-parameter
family of 1-forms β˜′t = (Ψ|(S×{t})∩U )∗βt on (S′×{t})∩N ′ and choose an area
form on S′ so that dβ˜′t has total area less than 2pi− ε on any closed subset of
(S′ × {t}) ∩ N ′. Since Ψ respects the monodromies h and h′, we have that
β˜1 = h
′∗β˜′0 wherever both are defined. Thus we can extend β˜′t to an area
form β′t on S′t satisfying the conditions of the Thurston-Winkelnkemper
construction, and now a compatible contact form may be defined by a
choice of a sufficiently large constant C˜ ′.
Let C = max{C˜, C˜ ′} and define the contact forms α on M and α′ on
M ′ by the Thurston–Winkelnkemper construction using the parameters βt
and C, and β′t and C, respectively. For the corresponding contact structures
ξ = kerα and ξ′ = kerα′ we get that Ψ|N is a contactomorphism between
(N, ξ|N ) and (N ′, ξ′|N ′), as needed. 
In order to give an explicit model for the open book in N(Σ), the next
subsection constructs a simple open book for a Σ-bundle over a circle with
a prescribed open book foliation on Σ× {0}.
4.2. Prescribing open book foliations on surfaces. In this section we will
show that every circle-free open book foliation (Fpi, pi,H = H+ ∪H−) on a
surface Σ is in fact induced by an embedding of Σ into an open book.
As (Fpi, pi,H = H+∪H−) is circle-free, we can construct a dividing curve
Γ and see that pi|Γ : Γ → S1 is a covering of degree n, where n = |E+| =
|E−|. Let {Γi}ki=1 be the set of connected components of Γ and let ni be
the degree of pi|Γi . Note that n =
∑k
i=1 ni. Then, just as in Section 2.2
we can choose local coordinates (u, v) on Ai = N(Γi) so that pi = niv,
Γ = {u = 0}, and ∂u directs the level sets pi−1(t). Define A = ∪Ai = N(Γ)
and R′± = R± \ A. Next we construct a characteristic foliation on Σ that is
also divided by Γ.
Lemma 4.2 (Approximating Fpi by Fξ). Let Γ(Fpi) be the dividing curve and
R±(Fpi) the corresponding positive and negative regions of the open book foliation
(Fpi, pi,H = H+ ∪H−). Then there is a 1-form β that agrees with dpi away from
a small neighborhood of the singular points and ±dβ > 0 on E± ∪ H±. The
foliation Fξ defined by β is a characteristic foliation, has the same singular points
and is strongly topologically conjugate to Fpi.
Moreover, we can choose a representative β′ = gβ so that Γ = {dβ′ = 0} and
R± = {±dβ′ > 0}, where g is a positive function and g < 1 on A.
Proof. For the first statement we start with the 1-form γ as in Section 2.3 and
modify it in the neighborhood of the hyperbolic points of Fpi. Recall that
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an elliptic point e ∈ E± has a neighborhood D2ε/4(r, ϑ) where γ = ±r2dϑ.
Thus at ewe have±dβ = 2rdr∧dϑ, which is a positive multiple of a volume
form.
In a neighborhood of a hyperbolic point h ∈ H±, we can chose local
coordinates so that pi = x2 − y2. Thus γ = dpi = 2xdx − 2ydy and d2pi = 0.
Let β = dpi ± Ψεε/2xdy. Then, as dΨεε/2 = 0 at r = 0, at h we have that
±dβ = dx ∧ dy, a positive multiple of the volume form.
Extend the 1-form on Σ \ N(H) as dpi to obtain a 1-form β that satisfies
the conditions of the first claim.
Without the assumption g < 1 on A, the second statement is standard in
contact geometry; the stronger statement is Remark 2.7 after the proof of
Lemma 2.6. 
We use the function f from Proposition 2.8 and the 1-form β′ = gβ from
Lemma 4.2 to construct both a contact structure and an open book for a
Σ-bundle over S1. Consider the product Σ × R with the contact structure
defined as the kernel of the 1-form α′ = β′+fdz. LetB′ = E×R, where the
orientation of {e} × R is given by ±∂z for e ∈ E±. Consider the function
pi′ = pi + fz : Σ× R→ S1,
where adding f(p)z(p) ∈ R to pi(p) ∈ S1 (for p ∈ Σ) indicates translation by
the image of f(p)z(p) in the quotient S1 = R/Z.
We would like to glue Σ × {0} to Σ × {l} for some l ∈ N to get an open
book and a contact structure for a Σ-bundle over S1 . As f = ±1 on R′±,
we have pi′(x, 0) = pi′(x, l) on R′±. On Ai = N(Γi) ∼= Γi × [−ε, ε], with coor-
dinates (u, v) chosen as in Lemma 4.2, we have pi′(u, v, l) − pi′(u, v, 0) =
lf(u, v), where f(u, v) is independent of v and monotonically decreases
from 1 to −1 in u. This means that each level set of pi′|Σ×{l} restricted to
Ai consists of ni parallel curves connecting the points (−ε, v) with (ε, v +
2l/ni). When 2l is divisible by ni, the endpoints of each component there-
fore have the same v coordinate, as v parmeterizes S1 ∼= R/Z. And in fact,
the curve intersects an arbitrary {v = c} segment positively in 2lni ∈ Z times.
Set l = lcm{ni}ki=1 and define a diffeomorphism
ψ =
k∏
i=1
D
2l
ni
Γi
,
where DΓi is the right-handed Dehn twist along Γi. Let Mψ(Σ) = Σ ×
[0, l]/(ψ(x), 0) ∼ (x, l) be the mapping torus ofψ. Then pi′(x, 0) = pi′(ψ(x), l)
on S1 and pi′ descends as pi to Mψ(Σ) \B, where B = B′/ ∼.
Notice, too, that since f depends only on u and the Dehn twists were
along the v-direction in the Ai, the 1-form α′ descends to Mψ as a 1–form α,
giving a contact structure ξ on Mψ.
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Proposition 4.3 (Open book for (Mψ, ξ)). Via the construction above, any Fpi
determines an open book decomposition (B, pi) forMψ. Moreover, (B, pi) supports
the contact structure ξ = kerα.
Before proving the above proposition, we reformulate what it means for
an open book decomposition to support a contact form.
Lemma 4.4. Let B be a (positively) transverse knot in (M, ξ = kerα) and
suppose that the fibers of the map pi : M \ B → S1 are Seifert surfaces for B.
Then the pair (B, pi) is an open book supporting the contact form α if and only is
dpi ∧ dα > 0. 
The proof is straightforward and is left to the reader.
Proof of Proposition 4.3. In a neighborhood of B the function pi restricts as
±(ϑ + z), so we see that pi−1(t) indeed enters N(B) as a Seifert surface. If
we evaluate α on TB = ±∂z we get α(±∂z) = 1 > 0, as needed.
For the second step, by Lemma 4.4 it is sufficient to show that dpi∧dα > 0
on Mψ \B. Since α is a contact form, α ∧ dα > 0, yielding the following:
(β′ + fdz) ∧ (dβ′ + df ∧ dz) = dz ∧ (β′ ∧ df + fdβ′) > 0.
This in turn is equivalent to the condition that ω0 = β′∧df +fdβ′ is an area
form on Σ.
We compute dpi ∧ dα:
(dpi + zdf + fdz) ∧ (dβ′ + df ∧ dz) = dz ∧ (dpi ∧ df + fdβ′)
Thus we require that ω′ = dpi ∧ df + fdβ′ is an area form on Σ. To check
this, we compare the given form to the area form ω0 given by the contact
condition and substitute β′ = gβ:
ω′ = ω0 + (dpi − gβ) ∧ df.
In the following we will prove that (dpi − gβ) ∧ df ≥ 0, which implies that
ω′ > 0.
On R′± the differential df is 0, thus ω′ = ω0, so it is indeed an area form.
On A, β = dpi, so we have
(dpi − gβ) ∧ df = (1− g)dpi ∧ df.
Recall that on A, f depends only on u and is decreasing, while pi depends
only on v and is increasing. Thus dpi ∧ df is an area form, and as g < 1 on
A, so is (1− g)dpi ∧ df , as desired. 
Note that the pages of (B, pi) are l-fold covers of Σ \ E via the map from
pi−1(t)→ Σ \ E defined by (x, z) 7→ x.
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FIGURE 8. Local models for the open book of Proposi-
tion 4.4. The blue surfaces are pages of (B, pi), while the
red surfaces are fibers Σ× {t}. The model near a hyperbolic
point, which is not shown, is a blue hyperboloid intersecting
a horizontal red plane.
Example 4.5. Cutting the above construction at Σ × {0} gives a contact 3-
manifold (Σ×[0, l], ξ), with a compatible embedded foliated open book that
is the restriction of (B, pi). We illustrate this in specific case whereFpi on the
torus is as given in Figure 1. In the resulting foliated open book, each page
is a copy of the original surface, but cut open along a different leaf of Fpi;
respresentative pages are shown in Figure 9.
FIGURE 9. Representative pages in the foliated open book
constructed by applying Example 4.5 to the foliation of the
torus given by Figure 1
In order to see why Figure 9 shows the correct pages, Figure 10 indicates
how a given leaf embeds in Σ× [0, 1]. Note that away from A = N(Γ), each
leaf is covered exactly once. This builds up surfaces homeomorphic to R±
as t varies, and these are joined across A by vertically twisting bands.
Corollary 4.6 (Local model). Suppose that Σ is an embedded surface in a 3-
manifoldM with an open book (B, pi) that induces an open book foliation (Fpi, pi,H =
H− ∪ H+) on Σ with no circle leaves. Then Σ has a neighborhood N(Σ) ∼=
Σ × [−η, η] so that pi = pi + fz, where f is the function from Proposition 2.8
that is ±1 on R′± and monotonically increasing in u on A = N(Γ).
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FIGURE 10. The red curves indicate how the page (pi′)−1(0)
intersects selected surfaces Σ × {t} when Proposition 4.3 is
applied to the foliated torus from Figure 1. On each surface
Σ × {t}, the blue region is R+ and the white region is R−.
The t-values shown lie in [0, 12 ].
Moreover, for any 1-form β′ that is (geometrically) divided by Γ, and restricts to
A as gdpi with g as in Lemma 4.2, there is a contact structure ξ on M compatible
with (B, pi) so that ξ|N(Σ) = β′ + fdz. 
Remark 4.7. This local model for Σ × [−η, η] is itself a foliated open book
which appears as a submanifold of an open book containing the surface Σ
with the induced open book foliation.
Notice that the induced open book foliations on the nearby surfaces Σ×
{z} are strongly topologically conjugate to Fpi. One can also understand
the restrictions of each page pi−1(t) to N(Σ); the pages are homeomorphic
to the surfaces pi−1[t − η, t + η] ∩ R′+ and −
(
pi−1[t− η, t+ η] ∩R′−
)
glued
together with a twisted band. If the interval [t − η, t + η] contains only
regular values of pi, then pi−1(t)∩N(Σ) is just a union of |E+| = |E−| strips;
each strip is a rectangle in N(Σ) with a pair of its opposite sides embedded
into Σ × {−η} and Σ × {η}. If [t − η, t + η] contains a singular value, then
one component of pi−1(t)∩N(Σ) is a “cross”, embedded as a saddle surface.
The intersection pi−1(t) ∩N(Σ) is singular when t± η is a singular value.
4.3. Expansion. In order to understand the relationship between Morse
and embedded open books, we will modify our local model by introducing
cancelling pairs of critical points. Let Σ be an orientable surface embed-
ded in a 3-manifold M whose open book structure induces an open book
foliation Fpi on Σ. The above corollary provides a local model for a neigh-
borhood Σ × [−η, η] ⊂ M , which we take as the starting point for the next
result.
Proposition 4.8 (Expansion). Let (Be, pie) be the embedded foliated open book
for Σ× [−η, η] ⊂M described in Corollary 4.6. Then there is an S1-valued Morse
function pi′ : Σ× [−η, η] \B → S1 so that the following hold:
(1) pi′ is C0-close to pi and agrees with pi outside Σ × [−ε, ε], for some suffi-
ciently small ε < η;
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(2) for any hyperbolic point h ∈ H± of Fpi, the function pi′ has a pair of
canceling critical points p±h = h× {±ε} ∈ Σ± = Σ× {±ε};
(3) the index of p±h ∈ Σ± is 2 if the signs of h and Σ± agree, and 1 otherwise;
(4) pi′ has no other critical points;
(5) each function pi′|Σ± is Morse, and the union of their critical points is the
set of critical points of pi′;
(6) pi′ defines an open book foliation (F±pi′ , pi′|Σ± , H × {±ε} = H+ × {±ε} ∪
H− × {±ε}) on Σ± that is strongly topologically conjugate to Fpi.

Note that condition (5) implies that there is a gradient-like vector field
for pi′ that is tangent to both Σ+ and Σ−.
Proof of Proposition 4.8. Let z′ be the interval coordinate and u and v the sur-
face coordinates in the local model for Σ × [−η, η] as in Corollary 4.6. For
sufficiently small z′, the surfaces Σ×{z′} have induced open book foliations
that are strongly topologically conjugate to Fpi. We will modify pi near the
singular points of Fpi. For simplicity, we give the explicit computation only
for h ∈ H+, but the modification near negative hyperbolic points is similar.
First, reparametrize the I coordinate by z, where z′ = z3 + ρz for some
ρ > 0. Note that z ∈ [−ζ, ζ], where ζ3 + ρζ = η. Now define a path of
functions pis that agrees with pi outside of a three-ball neighborhood B3ε (h)
of each hyperbolic point h ∈ H+ and that is defined as follows on Bε(h):
pis = (1−Ψεε/2(r))pi+ Ψεε/2(r)(pi+ z3− sz) = pi+ z3 + z(ρ− (s+ ρ)Ψεε/2(r)).
As before, Ψεε/2 is a smooth bump function that equals 1 for r < ε/2 and
0 for r > ε, and where r2 = u2 + v2 + z2 is the 3-dimensional distance from
h in B3ε . Clearly pi−ρ = pi, and we will show that
- pis is a regular function for s < 0;
- pis is non-Morse only for s = 0, with an embryonic critical point at
each hyperbolic point of Fpi; and
- for s > 0, pis is Morse with two cancelling critical points of index 1
and 2 associated to each hyperbolic point h of Fpi.
In order to prove the preceding claim, in the following we determine the
critical points of pis for a fixed s. Away fromD3ε(h), the function pis = pi and
thus it is regular, while its differential on D3ε(h) is
dpis = dpi +
(
3z2 + ρ− (s+ ρ)Ψεε/2
)
dz − z(s+ ρ)dΨεε/2dr
For r > ε the Σ-component of dpis equals dpi 6= 0, and thus dpis 6= 0. In
the thickened sphere defined by F = {ε/2 ≤ r ≤ ε}, observe that the coeffi-
cients of du and dv in dpi are 2u and−2v, respectively; thus their proportion
is u : −v. However, in z(s+ ρ)dΨεε/2dr the proportion of the coefficients of
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du and dv is u : v. If in their sum both coefficients are 0, we must have
u = v = 0. Thus the possible critical points of pis in F are all of the form
(0, 0, z) with ε/2 ≤ z ≤ ε. At these points, the dz coordinate of the equation
dpis = 0 simplifies to
3z2 + ρ− (s+ ρ)Ψεε/2 − z(s+ ρ)dΨεε/2 = 0
On F we have 3z2 ≥ ε2/4, while |ρ− (s+ ρ)Ψεε/2| can be bounded above by
ε2/8 if we choose both s and ρ small. As for the third term,
−z(s+ ρ)dΨεε/2 ≤ ε/2(s+ ρ)K,
where K = maxε/4≤r≤ε/2{−dΨεε/2} > 0. Thus if we choose |s + ρ| suf-
ficiently small we can ensure that this third term is less than ε2/8, and it
follows that dpis is nonzero on F .
For r < ε/2 we have dpis = dpi + (3z2 − s)dz. Thus for
√
s
3 < ε/2, there
are critical points at z = ±√ s3 .
In summary, for sufficiently small ρ, |s| > 0, the function pis is a Morse
function for s 6= 0. It is regular whenever s < 0, it has an embryonic critical
point at the hyperbolic points h, and it has a pair of cancelling index 1 and
2 critical points for each hyperbolic point h on the surfaces Σ× {±√ s3}.
In the following we will examine the singularities and the leaves of the
foliation induced by pis on Σ × {z}. Notice that if we restrict pis to Σ ×
{z}, then we get a function pi + C (for C = z3 − zs) in B3ε/2 and pi + C ′
(for C ′ = z3 + ρz) outside B3ε/2; thus the level sets of pi agree with the
level sets of pis|Σ×{z} on B3ε/2 ∪ Σ \ B3ε . From the previous computation
we see that pis|Σ×{z} has no critical points in F = {ε/2 ≤ r ≤ ε}. The
fibers of pis(t) on F ∩ Σ connect the level sets pi−1(a) on D2ε/4 to the fibers
of pi(a− (ρ+ s)z) of Σ \ ∪hD2ε/2. This means that if we choose both |z| and
|ρ + s| sufficiently small, the foliation induced by pis|Σ×{z} will be strongly
topologically conjugate to Fpi.
Now fix s > 0 and ρ > 0 sufficiently small so that the results above hold
and let pi′ = pis, Σ± = Σ × {±
√
s
3}. The computation above shows that
the restriction of pi′ to Σ± is Morse, since the original Fpi was an open book
foliation. Since the levels sets of pi′|Σ± are strongly topologically conjugate
to Fpi, there are no other critical points of pi′|Σ± , as required for Item 5.

Corollary 4.9. The function pi′ from Proposition 4.8 induces a Morse foliated open
book on each component of M cut along Σ±. 
4.4. Local Models for Morse Foliated Open Books. The techniques above
may be adapted to the case of Morse foliated open books. We carefully state
the result we will rely on in the next section, but leave the analogous proof
to the reader.
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Given 3–manifolds M and M ′ with properly embedded 1–manifolds B
and B′, respectively, suppose that pi : M \ B → S1 and pi′ : M ′ \ B′ → S1
are circle-valued Morse functions. Let Σ ↪→ M and Σ′ ↪→ M ′ be embed-
ded surfaces with induced open book foliations (Fpi, pi,H = H+ ∪ H−),
(F ′pi, pi′, H ′ = H ′+ ∪ H ′−) with no circle leaves; we require further that pi
and pi′ have gradient-like vector fields tangent to the surfaces Σ and Σ′ and
thus any hyperbolic points of these open book foliations coincide with crit-
ical points of the corresponding Morse functions on the ambient manifold.
Note that we allow Σ to embed into M or M ′ as the boundary.
Proposition 4.10 (Morse Neighborhood Theorem). If there is a diffeomor-
phism ψ : Σ → Σ′ that takes the two open book foliations to each other, then there
are one-sided neighborhoods N± = N±(Σ) and N ′± = N±(Σ′) and an extension
of ψ to Ψ± : N± → N ′± so that
(1) Ψ±(B) = B′;
(2) pi = pi′ ◦Ψ;
(3) Ψ±(B ∩ N±) = B′ ∩ N ′± and the trivialisation of N(B) ∩ N± ∼= (B ∩
N±) × D2 in which pi = ϑ maps to the trivialisation of N(B′) ∩ N ′± ∼=
(B′ ∩N ′±)×D2 in which pi′ = ϑ. 
We consider one-sided neighborhoods for two reasons. First, if the sur-
faces containing the critical points lie in the interior of M , we will in prac-
tice always cut along them require the local models only after cutting. Sec-
ond, if we restrict to one-sided neighborhoods, then proof of Theorem 4.1
may be modified to prove Proposition 4.10 simply by selectively replacing
z by ±z2 when constructing adapted coordinate systems near hyperbolic
points.
5. EQUIVALENCE OF FOLIATED OPEN BOOKS
In this section, we use the local models constructed in Section 4 to relate
embedded, abstract, and Morse foliated open books. After this section, we
will move freely between these different notions of foliated open books and
use whichever is most convenient.
5.1. From embedded to Morse and back. Away from a neighborhood of
the boundary, embedded foliated open books and Morse foliated open books
are indistinguishable. In this section, we apply results from the previous
section to show how to transform one type to the other.
Starting first with an embedded foliated open book E = (Be, pie,Fpie),
identify ∂M with Σ × {0} in Σ × [−η, 0], half of the standard neighbor-
hood constructed in Proposition 4.1. Define the Morse foliated open book
M(E) = (B, pi′,Fpi′) on M \Σ× [−ε, 0] to be the result of first modifying pie
to pi′ as in Proposition 4.8 and then removing Σ× [−ε, 0].
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Similarly, suppose that M = (Bm, pim,Fpim) is a Morse foliated open
book, and identify ∂M with Σ × {0} in the standard half-neighborhood
Σ× [−η, 0] from Proposition 4.10. Define the embedded foliated open book
E(M) = (B, pi,Fpi) onM \Σ×[−η2 , 0] to be the result of removing Σ×[−η2 , 0].
Proposition 5.1. With the notation above
(1) M(E) is a Morse foliated open book. Furthermore, there is a diffeomor-
phism ψE→M : M → M \ Σ × [−ε, 0] that takes the bindings and the
pages of the two foliated open books to each other. In particular, for any
contact structure ξ supported by E the contact structure ψE→M∗ ξ is sup-
ported byM(E);
(2) E(M) is an embedded foliated open book. Furthermore, there is a diffeo-
morphism ψM→E : M → M \ Σ × [−−η2 , 0] that takes the bindings and
the pages of the two foliated open books to each other. In particular, for
any contact structure ξ supported byM the contact structure ψM→E∗ ξ is
supported by E(M);
(3) The embedded foliated open books E and E(M(E)) are diffeomorphic;
(4) The Morse foliated open booksM andM(E(M)) are diffeomorphic.
Proof. For the proof of Item (1), recall from Proposition 4.8 that pi′ has ex-
actly two critical points for each hyperbolic singularity of Fpie , and only
one of each pair survives as a boundary critical point of M(E). Thus pi′
satisfies the conditions of Definition 3.15. The required diffeomorphism
will be constructed as composition φE ◦ φ−1M , where φE and φM are each
diffeomorphisms from the respective foliated open books to the common
manifold E \ (−η, 0]. Let ε < η′ < η be a real number such that pi = pi′ on
Σ × [−η,−η′], again viewed inside the neighborhood of the boundary in E
andM(E). Choose diffeomorphisms φ∗ that map Σ× [−η, 0] (respectively,
Σ× [−η,−]) to Σ× [−η,−η′]. Away from the critical points, these may be
chosen to restrict to each page as an isotopy to a proper subpage; since the
open book foliation on Σ × {z} is strongly topologically conjugate to the
open book foliation on the boundary of each of E andM(E), the induced
isotopy of plane fields takes a supported contact structure to a supported
contact structure.
For Item (2), we observe first that the restriction of pim to the complement
of the boundary ofM is regular, and as the induced open book foliation Fpi
is strongly topologically conjugate to Fpim , the conditions of Definition 3.1
are satisfied. The proof of the second half of the claim proceeds as in the
proof of Item (1), via a composition of isotopies from the original manifolds
to a common submanifold.
The proofs of Items (3) and (4) proceed as the second half of Item (1). 
5.2. From Morse to abstract and back. Suppose that (Bm, pim,Fpim) is a
Morse foliated open book for (M,Fpi) and fix a gradient-like vector field
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∇pim for pim. Let M ′ be the 3-manifold formed by blowing up B to S1 ×B.
Extend pim to M ′ continuously, now calling the extension pi. A local model
near the binding allows us to assume that∇pi = ∂t on the blown-up S1×B
boundary component; here, t parameterizes S1. Let {hi}2ki=1 be the set of
critical points of pi with corresponding critical values t∗1 = pi(h1) < · · · <
t∗2k = pi(h2k) with respect to the cyclic order on S
1. Choose regular points
{ti}2ki=0 so that t0 < t∗1 < t1 < · · · < t∗2k < t2k < t0. Let Si = pi−1(ti). This
means that Si is a surface with cornered boundary (B × {ti}) ∪ αi, where
αi = pi
−1(ti) and the corners are E×{ti} = (B×{ti})∩αi. Note that as we
are working in the blow-up of M , Si is closed.
If hi is an index 2 critical point of pi, then its stable manifold W (hi)s
intersects Si−1 in a properly embedded arc γ+i−1 with endpoints on αi−1,
and Si is obtained from Si−1 by cutting along γ+i−1 and smoothing. In the
notation of Definition 3.12, we have Si−1
cut−−−→
γ+i−1
Si.
If hi is a critical point of index 1, then its stable manifoldW (hi)s = w(hi)s
intersects Si−1 in two points {pi−1, qi−1} ∈ αi−1, and Si is obtained from
Si−1 by gluing a 1-handle along this attaching sphere. In the notation of
Definition 3.12, we have Si−1
add−−−−−−→
pi−1,qi−1
Si.
The flow of the gradient-like vector field gives a diffeomorphism h : S2k →
S0 that is constant on B.
Proposition 5.2 (from Morse to abstract). With the notation from above:
(1) Any Morse foliated open bookM = (Bm, pim,Fpim) and choice of gradient-
like vector field∇pim determines an abstract foliated open bookA = ({Si}, h)
as above.
(2) If∇pim and∇′pim are both gradient-like vector fields for pim, then the cor-
responding abstract foliated open booksA = ({Si}, h) andA′ = ({Si}, h)
are diffeomorphic.
(3) If some reparameterization of the Morse foliated open bookM′ = (B′m, pi′m,F ′pim)
is diffeomorphic toM = (Bm, pim,Fpim) then the corresponding abstract
foliated open books A and A′ (for any choices of gradient-like vector field)
are conjugate to each other.
Proof. The proposition is a consequence of the construction above. For the
first claim, we see that the critical submanifolds of a fixed critical point
determine a pair of abstract pages related by a single handle addition or
deletion. In order to assemble these pairs into an abstract open book, it
remains to identify the two copies of Si associated to the critical points t∗i
and t∗i+1, but this is accomplished by the flow of the gradient-like vector
field. Although the choice of gradient-like vector field could change the
arcs γi−1 or the attaching points pi−1, qi−1, the diffeomorphism types of the
pages Si remain the same; this establishes the second claim. The last claim
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is simply the translation of reparameterization (specifically, by rotation) to
the abstract setting. 
In the rest of this subsection we describe how to use abstract foliated
open books to build up a 3-manifold with foliated boundary together with
an embedded foliated open book.
To each handle addition and deletion, we associate a cornered handle-
body Hi We first consider the case of Si−1
add−−−−−−→
pi−1,qi−1
Si. Define Hi to be
the cornered handlebody obtained by attaching a 3-dimensional boundary
1-handle to Si−1 × I . See Figure 11.
FIGURE 11. The cobordism between Si−1 and Si, shown
before smoothing the attached half handles. The shaded
regions are in the foliated boundary. Left: an index one
boundary critical point corresponding to half a one-handle
or the “add” operation. Right: an index two boundary crit-
ical point corresponding to half a two-handle or the “cut”
operation.
By construction,Hi is a cornered cobordism between Si−1 and Si; thusHi
is a handlebody with boundary ∂Hi = −Si−1∪Vi∪Si and with codimension-
1 corners at ∂(−Si−1)∪ ∂Si ∪ (E× I) and codimension-2 corners at E× ∂I .
The vertical boundary Vi is the union of two types of components:
- products of cornered circles with the interval I ;
- a (cornered) pair of pants Pi .
Components of the first type correspond to components of ∂Si−1 which are
preserved in ∂Si, while the second type is associated to the handle addition.
In the case of Si−1
cut−−−→
γi−1
Si, then the cobordism Hi may be built up anal-
ogously. In this case, we attach a 3-dimensional boundary 2-handle to the
thickened Si along γi−1; this turns the previous construction upside down
and the boundary and corners may be identified analogously. Each han-
dlebody Hi is naturally equipped with a Morse function pii : Hi → I with
the following properties:
- pii|−Si−1 ≡ 0;
- pii|Si ≡ 1;
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- pii has a gradient-like vector field∇pii that is tangent to Vi and to the
I-component at B × I ;
- pii has a unique critical point with critical value 1/2 and this is lo-
cated on the pair of pants component of the boundary. The index is
1 in the case of handle addition and 2 in the case of saddle resolu-
tion.
We may glue the pairs (Hi, pii) along the Si via the identity and glue
S2k to S0 via h to get a 3–manifold M ′ with boundary. After rescaling, the
maps pii glue to a map pi : M → S1 = R/Z. Finally, collapse B × S1 to
B to obtain the 3-manifold M = M({Si}, h). Then pi restricts as a map
pi : MrB → S1 and level sets of pi = pi|∂M induce a foliation Fpi onM . Note
that different choices of pii and scaling yield different parametrizations of
Fpi; thus abstract foliated open books describe diffeomorphism classes of
3-manifolds with foliated boundaries (M,F). The discussion above can be
summarized by the following proposition.
Proposition 5.3. With the notation and definitions from above:
(1) Any abstract foliated open book A = ({Si}, h) defines up to diffeomor-
phism a 3-manifold (M(A),F(A)) with foliated boundary and a Morse
foliated open book M(A) = (Bm(A), pim(A),Fm(A)) compatible with
it;
(2) If the abstract foliated open books A and A′ are conjugate to each other,
then the above diffeomorphism-types of manifold with Morse foliated open
book
(
M(A),F(A),Fm(A)
)
, and
(
M(A′),F(A′),Fm(A′)
)
are the same;
(3) For any abstract foliated open book, A(M(A)) is equivalent to A;
(4) For any Morse foliated open book,M(A(M)) is diffeomorphic toM.
The foliation Fpi can be described directly from the data of an abstract
open book. The regular leaves of Fpi are αi × {t} for t ∈ (t∗i , t∗i+1), and
each leaf is an interval that connects elliptic points. Each singular leaf cor-
responds to a critical value t∗i .
The discussion above allows us to state the obvious definition of a con-
tact structure supported by an abstract open book.
Definition 5.4. Suppose thatA = ({Si}, h) is an abstract foliated open book
defining a manifold (M(A),F(A)). The contact structure ξ is supported by
({Si}, h) if ξ is supported by a Morse foliated open book (Bm(A), pim(A),Fpim(A))
compatible with the abstract data.
Together with the statements of Proposition 5.1 we have the following
equivalence for a fixed diffeomorphism class of 3-manifolds (M,F) with
foliated boundary:
{abstract FOBs}
conjugacy
↔ {embedded FOBs}
diffeomorphism
↔ {Morse FOBs}
diffeomorphism
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From now on we will move freely between these notions, using whichever
is most convenient in our discussion.
5.3. Sorted handlebodies. In this final subsection, we further examine the
relationship between Morse and abstract foliated open books. The key
definition of a sorted foliated open book will be important in Section 8.
Throughout this section, we will consider a Morse foliated open book equipped
with a fixed preferred gradient-like vector field ∇pi on the boundary, and
we indicate this choice by the following tuple: (B, pi,Fpi,∇pi). (Recall that
“preferred” was defined in Definition 2.15.)
As in Section 5.2, let M ′ denote the manifold formed by blowing up B
into S1 × B. We denote the the fibers pi−1(t) in M ′ by St, and we note that
these are closed and disjoint. Assume that t = 0 is a regular point of pi, and
letM denote the formal closure ofM ′\S0, which is a cobordism between S0
and S1. We call a gradient-like vector field∇pi onM\B preferred if it extends
∇pi, and a preferred vector field induces a vector field —still denoted∇pi—
on M . In the following we will work exclusively in M ′ or M . Informally
these are the submanifolds one obtains when gluing together some or all
consecutive handlebodies Hi of the previous section.
In the definition below, assume that t < t′ are regular values for pi : M ′ →
S1.
Definition 5.5. The submanifold tHt′ := pi−1(t, t′) is sorted if the stable and
unstable manifolds of critical points of ∇pi|tHt′ are disjoint in tHt′ . The
Morse foliated open book (B, pi,Fpi,∇pi) is sorted if M is a sorted submani-
fold.
We identify M with 0H1, and the statements below hold for t = 0, t′ = 1,
as well.
Remark 5.6. The fact that ∇pi is preferred forces an order on the stable
and unstable submanifolds near the boundary, which may obstruct this
disjointness. See Example 5.9.
Definition 5.7. Define tRt′ ⊂ tHt′ to be the minimal ∇pi|tHt′ -invariant sub-
set of tHt′ containing a cornered neighbourhood of ∂M∩tHt′ that is disjoint
from [t, t′]× int(B). Define R = 0R1 ⊂M and let Rt = R ∩ St.
Since the critical points of pi|tHt′ all lie on ∂M , the invariant subset tRt′
must contain all the critical submanifolds W u(h) and W s(h) for critical
points h with critical value between t and t′. This implies that the com-
plement of tRt′ is a product:
Lemma 5.8. Suppose that (B, pi,Fpi,∇pi) is a sorted Morse foliated open book.
Then tHt′ \ tRt′ is diffeomorphic to the product (St \Rt)× [t, t′].
The subsets St \Rt are isotopic for all values of t.
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Proof. The restriction of ∇pi to tHt′ \ tRt′ has no critical points, so the flow
of ∇pi defines a diffeomorphism between level sets. 
FIGURE 12. Left: S0 from the sorted abstract foliated open
book from Example 6.13, shown with its two γ+i curves.
Right: In the corresponding Morse foliated open book, the
shaded region showsR0 and the white region shows S0\R0.
The discussion in the previous subsection allows us to characterize sorted
open books in the abstract setting, as well.
When a preferred ∇pi is fixed, the critical submanifolds define a collec-
tion of curves on each regular page in tHt′ . We call these cutting and co-core
arcs sorting arcs. Slightly abusing notation, we will let γ±k denote a sorting
arc associated to hk on any page. With no further conditions on ∇pi im-
posed, observe that these arcs may intersect each other, and after passing a
critical point whose corresponding submanifold intersects another critical
submanifold, some arcs may be cut. If hk is a positive hyperbolic point in
a foliated open book, then we write W s(hk) ∩ St = γ+k on all pages St for
t < pi(hk); if hk is a negative hyperbolic point, then W u(hk) ∩ St = γ−k on
all pages St for t > pi(hk).
When A = ({Si}, h) is the abstract open book associated to a Morse fo-
liated open book as in Proposition 5.2, we may record the sorting arcs γ±k
on the abstract pages; we denote the associated abstract foliated open book
by ({Si}, h, {γ±k }) when we want to keep track of this extra data, in parallel
with the quadruple used for a sorted Morse foliated open book. Similarly,
we may write iHj for the handlebody constructed from the abstract pages
Sk with k ∈ {i, i + 1, . . . , j}. This notation will be used in Proposition 7.4
and again in Proposition 8.11.
When (B, pi,Fpi,∇pi) is a sorted Morse foliated open book, the sorting
arcs on the associated abstract open book ({Si}, h, {γ±k }) are disjointly em-
bedded, and vice versa. As the next example shows, requiring a Morse
foliated open book to be sorted may bound the Euler characteristic of the
pages from above.
Example 5.9. The foliated open book for the solid torus introduced in Ex-
ample 1.1 is not sorted, as shown in Figure 13. Definition 2.15 dictates the
order of the attaching spheres and endpoints of the cutting arcs along each
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component of α0, and we see that as t increases, it becomes impossible to
connect pairs of blue and green dots by disjoint arcs in the interior of the
page. Example 6.13 shows a sorted foliated open book for the same Fpi.
+
+
FIGURE 13. In S2, the specified endpoints cannot be con-
nected by disjoint sorting arcs, so the foliated open book is
not sorted.
6. OPERATIONS ON OPEN BOOKS: CUTTING, GLUING, AND
STABILIZATION
In this section, we describe natural operations on open books of various
sorts. An initial cutting result was presented in Example 3.3, and here we
extend this to consider the contact structure supported by an open book cut
along a surface with an open book foliation. We also explain how our focus
on boundary foliations simplifies gluing, and we use this to define stabi-
lization for embedded foliated open books and Morse foliated open books.
We also discuss stabilization for abstract open books, which is analogous
to the operation familiar from closed manifolds.
6.1. Cutting. One of the key advantages of foliated open books is that they
are natural structures with respect to cutting and gluing.
Theorem 6.1 (Cutting). Given a 3-manifold M with an open book (B, pi), sup-
pose that an embedded surface Σ admits an open book foliation Fpi with no circle
leaves. Then there is a contact structure ξ on M supported by (B, pi) such that
the restriction of ξ to the closure of each component of M \ Σ is supported by the
embedded foliated open book obtained as the restriction of (B, pi) onto the closure
of this component.
In fact, this result and others in this section apply equally well when the
ambient manifold is a partial or foliated open book rather than an (hon-
est) open book; our choice to state them narrowly avoids excessive and
unpleasant notation.
Proof. Fix a contact structure ξ as in Proposition 2.11 so that the character-
istic foliation Fξ on Σ is strongly topologically conjugate to Fpi on Σ. Then
the boundary conditions of Definition 3.7 are automatically satisfied by the
components of the closures of the cut-open manifolds, so the restriction of
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ξ is indeed supported by the restriction of the open book on this compo-
nent. 
This cutting can also be understood in the abstract setting. For ease of
notation, we further restrict our attention to the case when Σ is connected
and separates M into ML ∪MR.
As in Proposition 4.8, we first modify pi to pi′ in a model neighbourhood
Σ× [η, η] so that canceling critical points are created on Σ× {±}. Remove
Σ × (, ) to get Morse foliated open books on M ′L = ML \ Σ × (,−η]
and M ′R = MR \ Σ × [η, ). Then we construct the abstract foliated open
books ({SLi }2ki=1, hL) and ({SRi }2ki=1, hR) corresponding to (B ∩M ′L, pi′|M ′L)
and (B ∩M ′R, pi′|M ′R). Note that the two Morse foliated open books have
pairs of critical points with the same critical values, but always of opposite
type (i.e., one each of index 1 and 2). Then the number k of sequentially
distinct pages in the two abstract foliated books is the same.
Moreover, through the two deformation retractions that recover the em-
bedded foliated open book pages from the Morse foliated open book pages,
we can identify the boundariesαRi andα
L
i with each other (through pi
−1(ti)∩
Σ), and we will call this simply αi. With this identification, we can view
each αi as a properly embedded separating arc in S, rather than as two
parallel arcs αRi and α
L
i . Similarly, we may view γi−1 as embedded on
SRi−1 ⊂ S or SLi−1 ⊂ S. If SLi−1 cut−−−→γi−1 S
L
i , then S
R
i−1
add−−−→
∂γi−1
SRi , and vice versa.
In this case, hL and hR are just the restrictions of h to SL2k and S
R
2k, respec-
tively. This perspective allows us to formulate cutting solely in terms of the
cutting arcs αi on S, as follows.
Si-1
γ i-1
Si
p
FIGURE 14. The red SR∗ and the blue SL∗ are separated by
the bold α∗. Note that p is an embryonic critical point.
Given an abstract open book (S, h) for M , define a sequence of cutting arcs
as a set of properly embedded separating arcs {αi}2ki=0 for some k, so that
- h(α2k) = α0; and
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- αi+1 is obtained from αi by surgery along an arc γi that intersects
αi only at its boundary. (This means that αi+1 is the smoothing of
αir∂γi and two parallel copies of γi.) See Figure 14.
Then S \ αi = S˚Ri ∪ S˚Li , where SRi and SLi are cornered surfaces and the
boundary orientation of SLi (S
R
i ) recovers the orientation of αi (−αi). The
diffeomorphism h restricts to SL2k and S
R
2k as h
L
2k and h
R
2k.
6.2. Gluing. The cutting operation for abstract open books can be reversed
to glue abstract foliated open books with compatible boundaries. As above,
for notational convenience we restrict to the case of gluing two abstract
foliated open books along their respective connected boundaries to obtain
an (honest) open book.
Let ({SLi }2ki=0, hL) and ({SRi }2ki=0, hR) be abstract foliated open books, and
assume that there is an orientation reversing pairing ψ of the corners ∂BL
and ∂BR so that:
- SLi−1
cut−−→ SLi if and only if SRi−1 add−−→ SRi ; and vice versa;
- the components ofαLi−1 containing the attaching sphere (for the han-
dle or for the cutting arc) on SLi−1 have endpoints on ∂B
L which are
paired with the endpoints of the components of αRi containing the
attaching sphere on SRi .
The final condition allows us to glue the pages SLi and S
R
i along orientation-
reversing maps ψi : αLi → αRi that extend ψ so that the core of a han-
dle added to yield SLi is identified with the cutting arc of S
R
i−1, and vice
versa. This yields a well defined page S = SLi ∪ψi SRi , and the monodromy
h = hL ∪ hR gives an honest abstract open book. Translating the above to
embedded open books and using Theorem 6.1 gives the following:
Theorem 6.2 (Gluing). Suppose that the embedded foliated open books (BL, piL)
and (BR, piR) define the 3-manifolds with foliated boundary (ML,FpiL) and (MR, FpiR),
and assume that there is an orientation reversing diffeomorphism ϕ : ∂ML →
∂MR that takes the foliation FpiL to (a possible reparameterization of) Fp(piR).
Then there are contact structures ξL and ξR compatible with (BL, piL) and
(BR, p(piR)), respectively, so that ξ = ξL ∪ϕ ξR is a contact structure ξ on the
glued-up manifold M = ML ∪ϕMR that is compatible with the glued-up honest
open book
(B, pi) = (BL ∪ϕ|
EL
BR, pi = piL ∪ϕ|
∂ML\EL
p(piR)).
Obviously, cutting is the inverse operation for gluing.
Remark 6.3. The Gluing Theorem easily generalises to the case when the
resulting manifold has a partial or foliated open book, rather than an hon-
est open book. However, the statement does not generalize to self-gluing,
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since the required reparametrization cannot be done globally. Self-gluing is
therefore only possible ifϕmaps one foliation to the other without reparametriza-
tion.
6.3. Examples. The cutting theorem allows us to construct many examples
for foliated open books. The next two examples are Darboux balls embed-
ded in the standard contact structure with the angular open book:
Example 6.4. The first picture in Figure 15 shows a foliated open book for
the ball with a unique homeomorphism-type of page. The complement of
B3 in the open book with disk-like pages for S3 is a diffeomorphic foliated
open book.
S0 S1 S2
S
FIGURE 15. Left: A ball intersecting the binding once.
Right: A ball intersecting the binding twice.
Example 6.5. The right-hand picture in Figure 15 shows the ball from Ex-
ample 6.4 after a finger move is performed. The associated foliated open
book ({Steli }2i=0, id) has two distinct homeomorphism-types of pages, while
the map is still the identity. The complement of ({Steli }2i=0, id) in (D2, id) is
again conjugate to ({Steli }2i=0, id).
Notice that the pages in the examples above do not define partial open
books. In the first case, there is a single homeomorphism-type of page, and
in the second, the “big” page cannot be built up from the complement of
the “small” page by adding one-handles.
Example 6.6. In this example, we identify two embedded foliated open
books as submanifolds of the open book (B0, pi0) associated to the Hopf
fibration on S3. For S3 = {|z|2 + |w|2 = 1} ⊂ C2, the binding B0 is the set
{zw = 0} = {z = 0} ∪ {w = 0}, oriented by ∂w and ∂z on the respective
components, and pi0(w, z) = zw/|zw|. The pages of this open book are
annuli, and (B0, pi0) supports the standard tight contact structure on S3.
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Consider the arc γ0 = {Im z = 0, zw/|zw| = 1} on the page S1 = pi−10 (1).
Let N(γ0) denote a three-dimensional neighborhood of γ0 that intersects
pages pi−1(t) in a rectangle for t ∈ (1 − , 1 + ) and in a pair of half discs
containing ∂γ0 for t ∈ (1 + , 1 − ). The open book foliation has a pair of
hyperbolic singularities on pi−1(1± ) as shown in Figure 16.
FIGURE 16. Cutting along the sphere shown on the left
separates S3 into a pair of distinct foliated open books. The
center figure shows the pages of the associated abstract foli-
ated open books, and the open book foliation on the cutting
sphere is shown on the right.
The foliated open book for N(γ0) may be identified with the foliated
open book ({Steli }2i=0, id) from Example 6.5, but the foliated open book for
S3 \N(γ0) is distinct. This open book will be the key to defining stabiliza-
tion in Sections 6.4 and 6.5.
6.4. Stabilization of embedded foliated open books. Naturally, we would
like to understand the relationship between embedded foliated open books
that support the same contact structure. As is the case with other versions
of open books, foliated open books admit an operation called stabilization
that preserves the contactomorphism class of the supported contact struc-
ture. Although stabilization in other contexts is often defined in terms of
abstract open books, we present it here in the embedded setting as applica-
tion of the gluing results above; the abstract version is discussed immedi-
ately afterward in Section 6.5.
Let (Be, pie,Fpie) be an embedded foliated open book for M and let γ be
an arc properly embedded in some page pi−1e (t). As in Example 6.6, let
N(γ) denote a three-dimensional neighborhood of γ that intersects nearby
pages in a single disc and other pages in a pair of discs near ∂γ. This choice
implies that up to reparameterization, the open book foliation on ∂N(γ)
matches the open book foliation on ∂N(γ0).
Definition 6.7. The (positive) stabilization of (Be, pie) along γ is the manifold
formed by gluing the foliated open books S3 \ N(γ0) and M \ N(γ) along
their boundary two-spheres.
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This operation is a refinement of the connect sum that respects the open
book structures on the two manifolds; it also defines positive stabilization
for (honest) open books. As every change happens in the interior of the
contact 3-manifold, the following is an immediate consequence:
Proposition 6.8. Any positive stabilization of (Be, pie,Fpie) supports the same
contact structure as (Be, pie,Fpie).
Note that as stabilization is defined as a strictly interior operation, the
definition above may be applied verbatim to Morse foliated open books.
Negative stabilization may be defined the same way by using the open
book given induced by the function zw/|zw| on S3.
Moreover, in Section 8.6 we will prove the following result.
Theorem 6.9. [Giroux Correspondence for foliated open books] Any pair of fo-
liated open books supporting (M, ξ,Fξ) are isotopic after a sequence of positive
stabilizations.
The proof of this theorem will rely on the proof of the analogous state-
ment for partial open books. 3
6.5. Stabilizing abstract foliated open books. It will be convenient to sta-
bilize abstract foliated open books without invoking the equivalence of
Proposition 5.2, so we conclude this section with a reformulation of sta-
bilisation adapted to the abstract case.
Definition 6.10. Given an abstract open book ({Si}, h), let γ be a properly
embedded arc in Sr whose endpoints p, q lie on B ⊂ ∂Sr. The stabilization
along γ is defined as follows:
(1) first perform an r-shift of ({Si}, h) to ({Si[r]}, h[r]);
(2) define a new abstract foliated open book (S′i[r]}2ki=0, h′[r]) by
- Si[r]′ = Si[r]∪H , where H is a 1–handle with attaching sphere
p ∪ q; and
- h′[r] = Dγ ◦ h[r], where Dγ is a right-handed Dehn twist along
the circle formed by the r-shift of γ and the core of H ; here, h[r]
also denotes its extension to H by the identity;
(3) perform a (−r)-shift to obtain ({S′i}, h′), where S′i is still obtained
from Si by a handle attachment along p and q.
Remark 6.11. The shift is indeed necessary in the definition in order to
obtain an object invariant under conjugation, as in some cases the arc γ
cannot be “found” on the original S0.
3The argument implicitly uses the proof of Giroux correspondence for (honest) open
books, and it does not give an independent proof for Giroux correspondence in the classical
case.
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Proposition 6.12 (Equivalence of stabilizations). The various definitions of
stabilization are consistent:
(1) Any stabilization of a Morse foliated open book can be realized as a stabili-
sation of a corresponding abstract foliated open book;
(2) Any stabilization of an abstract foliated open book induces a stabilization
of a corresponding Morse foliated open book.
The result follows from Definitions 6.10 and 6.7.
Example 6.13. As an example, we will stabilize the solid torus seen in Ex-
amples 1.1 and 5.9. Figure 17 shows a sequence of pages which differ from
the pages of Example 1.1 by the addition of a handle connecting the two
components of the original binding. At each step, the bold curve is either
the arc that is cut along to yield the next page or the co-core of the handle
that was attached in the step from the previous page. We record cutting arcs
on all previous pages and cocores of added arcs on all subsequent pages,
and with the opposite convention, we record the endpoints of these sorting
arcs by bold dots on the boundary. Note that as the arcs are disjoint, the
foliated open book is now sorted.
2
+
-
+
-
+
1
3
4
FIGURE 17. A stabilized abstract foliated open book for the
solid torus from Example 1.1.
The correct identifications between successive pages may be realized by
horizontal translation in the figure, and the left hand side is identified with
the right by a right handed Dehn twist along the core of the annulus.
Remark 6.14. There is an alternative way to think about stabilizations that
occur away from S0 if we distribute the monodromy of an abstract foliated
open book throughout time instead of concentrating it at t = 0 = 1. In this
setting, we have a sequence of pages {Pi, Xi}2k−1i=0 that are again cornered
surfaces with a fixed boundary part B. We go from Pi−1 to Xi by the usual
cutting or gluing, but then we “twist” the page by a diffeomorphism hi
that fixes B to get the new page Pi. For 0 ≤ i ≤ 2k − 1, cyclicly we have:
Pi−1
(add or cut)−−−−−−−−−−→
pi−1,qi−1 or γ+i−1
Xi
hi−→∼= Pi.
When this identification hi is the identity for all i 6= 0, we recover the old
definition by setting Si = Pi for 0 ≤ i ≤ 2k + 1, S2k = X0 and h = h2k.
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As before, each relation Pi−1
(add or cut)−−−−−−−−−−→
pi−1,qi−1 or γ+i−1
Xi defines a cornered han-
dlebody Hi, but now these handlebodies are glued using the diffeomor-
phisms hi.
This flexibility provides a more natural description of stabilization along
a curve γ ⊂ Pr whose endpoints lie on B. The new pages are obtained
by attaching a 1-handle to each original page along the endpoints of γ, so
P ′i = Pi ∪ H and X ′i = Xi ∪ H . As before, denote by hi the extension of
the diffeomorphism hi to H by the identity. Now let h′i = hi for i 6= r and
h′r = Dγ ◦ hr.
Example 6.15. Figure 18 shows the abstract open book from Example 6.13
with the distributed monodromy described in Remark 6.14. As above, the
sorting arcs are shown in blue and green, and at most steps, hi is the natural
embedding induced by the page. However, h2 : X2 → P2 is a positive Dehn
twist. One may easily see that this is equivalent to shifting the original
abstract open book indices by 2.
+
-
+
-
+
P0
X1
P1
X2
P2
X4
P4
X3
P3
h2
FIGURE 18. Example 1.1.
We employ this perspective sparingly, as it requires keeping track of
more data at each step, but it provides a useful alternative to the formal
shifting of Definition 6.10.
7. FROM FOLIATED OPEN BOOKS TO CONTACT 3-MANIFOLDS
In this section we prove the fundamental existence and uniqueness re-
sults that ensure foliated open books are useful tools for studying contact
manifolds.
7.1. Existence of supported contact structure. Having established the con-
nection between abstract foliated open books and embedded foliated open
books, we are ready prove the existence of a supported contact structure.
This is easiest in the abstract setting.
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Theorem 7.1. Any abstract foliated open book supports a contact structure.
Proof. Let ({Si}, h) be an abstract foliated open book. The basic idea of
the proof is to find an (honest) abstract open book (S′, h′) for a closed 3–
manifold so that ({Si}, h) embeds into it pagewise and h is the restriction
of h′ to S2k. Then we construct the contact 3–manifold corresponding to
(S′, h′) and use the cutting result (Theorem 6.1) to get a contact structure
supported by ({Si}, h).
The condition that Fpi does not contain circles translates to each αi being
a union of intervals. We will find a surface S′ and embeddings ιi : Si ↪→ S′
which satisfy the following properties:
- for all i, ιi embeds B in a fixed B′ ⊂ ∂S′;
- for all i, ιi properly embeds (αi, ∂αi) into (S′, ∂B′);
- if Si−1
cut−−−→
γi−1
Si, then ιi−1(Si−1) \ ιi(Si) is diffeomorphic to a neigh-
bourhood of ιi−1(γi−1) with a pair of opposite edges in ιi−1(αi) and
the other pair of edges in ιi(αi);
- if Si−1
add−−−−−−→
pi−1,qi−1
Si, then ιi(Si) \ ιi−1(Si−1) is diffeomorphic to a
rectangle with a pair of opposite edges in ιi−1(αi−1) and the other
pair of edges in ιi(αi).
We construct S′ inductively as follows. Start with any S′0 such that S0
embeds into it and satisfies the first two conditions for i = 0. Now assume
that we have defined ιj and S′j for j ≤ i so that all the conditions are sat-
isfied for j ≤ i. If Si is related to Si−1 by cutting along the arc γ+i−1, then
we can set S′i = S
′
i−1 and keep all the embeddings; then define ιi = ιi−1|Si .
If, on the other hand, Si is related to Si−1 by a 1-handle addition, then we
would like to realize the 1-handle addition inside S′i. This means that we
need a path γ′i−1 in S
′
i−1 \ ιi−1(Si−1) connecting the attaching points of the
handle. If there is such a path, then we keep S′i = S
′
i−1 and let the image
of ιi be the union of the image of ιi−1 and a tubular neighborhood of γ′i−1.
If there is no such path, then we add a handle to S′i−1 to connect the two
regions of S′i−1 \ ιi−1(Si−1) containing the attaching points. Here we use
the fact that none of the components of S′i−1 \ ιi−1(Si−1) is disjoint from the
boundary, which follows from the fact that αi−1 has no circles. Call the new
surface S′i. To complete the inductive step, compose all embeddings with
the obvious inclusion ι : S′i−1 ↪→ S′i and let ιi(Si) extend ιi−1(Si−1) by an
embedding which maps the additional handle to a neighborhood of γ′i.
Consider the embeddings ι0 : S0 ↪→ S′n and ιn : Sn ↪→ S′n. The com-
positions ι−10 ◦ h ◦ ιn : ιn(Sn) → ι0(S0) might not be extendable to a dif-
feomorphism of S′n, but by embedding S′n into a yet larger surface S′, we
may assume that the composition extends to the desired diffeomorphism
h′ : S′ → S′.
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The embeddings ιi determine a submanifoldM corresponding to the ab-
stract foliated open book ({Si}, h) in the manifold M ′ corresponding to the
open book (S′, h′). By Theorem 6.1 there is a contact structure ξ compati-
ble with (S′, h′) that restricts to M as a contact structure compatible with
({Si}, h), as needed. 
7.2. Uniqueness of supported contact structure. In this subsection we show
that an abstract foliated open book supports a unique contact structure.
Theorem 7.2. Any two contact structures supported by a foliated open book are
isotopic.
As a first step we will argue that the handlebody Hi has a unique tight
contact structure compatible with a prescribed class of characteristic folia-
tions on its boundary, up to contactomorphism fixing the boundaries. Sec-
ond, we show that any contact structure compatible with the foliated open
book restricts on eachHi to a tight structure. The structure of this argument
follows [Tor00], and together, these statements imply the desired unique-
ness.
To begin, we describe the decoration induced on ∂Hi by a compatible
contact structure ξ on M .
Recall that the manifold obtained by gluing the handlebodies Hi along
Si, denoted M ′, can be obtained from M by blowing up the transverse
curve B to B × S1. This means that a compatible contact structure ξ on
M induces a contact structure ξ′ on M ′ that restricts to each Hi as ξ′i.
The boundary of Hi is separated into two pages, Si−1 and Si, together
with the vertical component Vi = (B× I)∪Wi. Here, Wi consists of rectan-
gles αi × I coming from the unchanged intervals αi, together with a “sad-
dle” component corresponding to the two components of αi that change.
The characteristic foliation on B × S1 ⊂ ∂M ′ is given by the parallel circles
{b} × S1 for b ∈ B, and thus by {b} × I on the B × I components of ∂Hi.
The open book foliation on Wi is given by the level sets of pii. By as-
sumption, the characteristic foliation on Wi is strongly topologically con-
jugate to the foliation given by the level sets of pii. This means that there
are no saddle-saddle connections and no circles in Fξ′i , so Wi is a convex
surface whose dividing curve Γ may be obtained as the boundary of the
neighbourhood of the positive graph G++ for either Fξi or Fpii .
Note, too, that since kerα is supported by the open book, the Reeb vector
fieldRα is transverse to the pages. AsRα is a contact vector field, the pages
(in particular, the Si’s) are convex with empty dividing sets.
This discussion establishes the first part of the following proposition:
Proposition 7.3. A contact structure ξ supported by the abstract foliated open
book ({Si}, h) induces on Hi a tight contact structure ξi with the decorations
described above.
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Furthermore, up to isotopy fixing ∂Hi, there is a unique tight contact structure
on Hi with these boundary decorations.
Proof. The tightness of ξi follows from gluing (Theorem 6.2) and Torisu’s
Theorem 1.1 in [Tor00] as follows. Suppose that ξ′ is a contact structure
on M compatible with ({Si}, h). Then as in the proof of Theorem 7.1, we
can construct an abstract foliated open book ({S′′i }, h′′) compatible with
ξ′′ so that the two foliated open books glue together into a closed contact
manifold (M ′, ξ′) compatible with the abstract open book (S′, h′). Then by
Torisu’s statement we know that ξ restricted to any submanifold S′× [t, t′]/
∼( M ′ is tight. Since Hi is a subset of the blowup at B of S′ × [ti−1, ti], it
must also be tight.
For uniqueness, we will smooth the boundary of Hi (in the interior of Hi
and arbitrarily close to ∂Hi) in order to obtain a handlebodyH ′i with convex
boundary and dividing curve Γi which is determined by the decoration
on ∂Hi. Since the contact structure on a collar neighbourhood of ∂Hi is
determined by the characteristic foliation on ∂Hi, it suffices to show that
there is a unique tight contact structure compatible with the dividing curve
Γi on ∂H ′i.
In the above description, all components of ∂Hi were convex except B×
I . In a neighborhood of each component of B × I , we connect −Si−1 to
Si via a nearby convex surface Fi that has a 1-component dividing curve
which is parallel to B. See the third picture of Figure 19.
FIGURE 19. Smoothing corners inHi. The first figure shows
a part of ∂Hi near B × I . The second figure shows the char-
acteristic foliations, the third one is the picture after merging
Si−1 with Si and smoothing the corners, with the dividing
curves indicated with red. The fourth picture depicts the
dividing curve after completing the smoothing.
The above process allows us to smooth out the codimension 2 corners
as well, leaving a 3-manifold H ′′i whose boundary consists of two convex
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surfaces, Fi and a smoothed Wi, that intersect in a Legendrian curve L. See
the third picture of Figure 19.
Recall thatWi is convex and that the dividing curve Γ ⊂Wi is the bound-
ary of a neighborhood of the stable separatrices of the positive hyperbolic
points. In the blown-up picture of the boundary, the positive elliptic points
correspond to the intervalsE+×I ; as usual, ∂B = −E−∪E+. Each product
component of Wi contains a vertical component of Γ of the form {p} × I ,
where p is a point on αi−1 close to E+. The saddle component contains the
same vertical dividing curve if Si is obtained from Si−1 by a 1-handle ad-
dition (as in this case the corresponding hyperbolic point is negative), but
the dividing curve is as shown in Figure 20 if Si is obtained from Si−1 by
cutting along an arc γi−1.
FIGURE 20. The smoothed Γ intersects a decomposing disc
twice on a cornered handle body associated to a positive hy-
perbolic point
In summary, the Legendrian curve L intersects Γ on Fi once at every
component corresponding to E × I , while on Si it intersects Γ near the
points E+×{0, 1} on αi−1 and αi, respectively. See, again, the third picture
in Figure 19.
Next we can apply standard smoothing along the Legendrian curve L to
obtain the handlebody H ′i with dividing curve Γi as seen in Figure 20.
Finally, we will prove that H ′i has a unique contact structure by describ-
ing a disc decomposition ofH ′i such that the boundary of each discD inter-
sects Γi in two points. As a first case, assume that Si is obtained from Si−1
by a 1-handle addition. Then choose arcs {aj} properly embedded into
Si−1 with endpoints on αi−1 that cut up each component of Si−1 into discs,
and let Dj be the (smoothed) aj × I . After the smoothing on the fourth
picture of Figure 19, it is clear that the boundary of each Dj intersects Γi in
two points.
This suffices to cut the tight H ′i into tight balls, proving the proposition
in the case of handle addition. If Si is obtained from Si−1 by a cutting along
a curve γi−1, then we can first choose arcs aj on Si that cut up Si into discs
and again take Dj = aj × I to complete the proof.

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This also finishes the proof of Theorem 7.2.
In the proof of Proposition 8.11, we will require the extension of this
approach to a concatenation of multiple Hi handlebodies. Recall Defini-
tion 5.5.
Proposition 7.4. Any sorted submanifold tHt′ supports a unique tight contact
structure compatible with the boundary decorations described above.
The argument is a minor extension of the analysis above.
Proof. Recall from Lemma 5.8 that any pair of pages in the sorted tHt′ , cut
along their respective sets of sorting arcs, are diffeomorphic after smooth-
ing; we view this surface as a minimal page that persists for all t.
As seen in Figures 19 and 20, each critical submanifold W s(h+) and
W u(h−) intersects the dividing curve Γ associated to a smoothed tHt′ twice.
After decomposing along these discs, the result is a product cobordism
which may be further decomposed along discs guided by arcs {ai} which
cut the minimal page into discs, as above. 
8. RELATIONSHIP TO PARTIAL OPEN BOOKS
Partial open books offer a well established tool for studying contact man-
ifold with convex boundary, and in this section, we explore the connections
between partial open books and foliated open books. Section 8.1 describes
how to build an abstract foliated open book from the data defining an ab-
stract partial open book, while Section 8.2 reverses the process and con-
structs an abstract partial open book from an abstract foliated open book.
In each case, some conditions on the initial open book are imposed, and
we show in Section 8.3 that these can be achieved via positive stabilization.
These constructions are not inverses, as the construction of a foliated open
book from a partial one allows some choice, but Section 8.4 shows that
these transformations preserve the supported contact structure. Section 8.5
applies the relationship between partial and foliated open books to prove
another existence result: if (M, ξ) is a contact manifold with appropriate
characteristic foliation, then there is a compatible foliated open book (The-
orem 3.10). Finally, we prove a Giroux Correspondence for foliated open
books in Section 8.6.
8.1. Foliated open books from partial open books. The intuition behind
transforming a partial open book into a foliated open book is straightfor-
ward; in a partial open book, a large change in Euler characteristic is con-
centrated at two pages where the S and P handlebodies meet. For appro-
priate S and P , this may be distributed as a sequence of small changes
across many pages to yield a foliated open book.
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We begin with a topological condition describing when a surface may be
built up from a subsurface by successive attachment of one-handles. Note
that this relationship appears in the definition of an abstract partial open
book [EO11].
Lemma 8.1. Suppose that S is a surface with non-empty boundary and X is a
nonempty subsurface with cornered boundary such that each component of ∂X is
either contained in ∂S or is polygonal with alternating edges in ∂X ∩ ∂S and
∂X \∂S. Then S can be built up from X by successive attachments of 1-handles if
and only if the boundary of any component of S \X intersects ∂X in at least two
intervals.
Proof. For the “if” direction, note first that each handle that creates a new
component of S \ X must attach directly to X , so the number of interval
components of ∂S ∩ ∂X on the new component (i.e., the added handle) is
two. No subsequent one-handle attachments can decrease the number of
components of ∂X ∩ ∂S on the boundary of any connected component of
S \X .
For the “only if” direction, we describe the co-cores of the handles which
build S up fromX . Fix a connected componentC of S \X . We can simplify
the topology ofC by cutting along arcs with boundary on ∂S\∂X . Each cut
turning C to C ′ is along an arc which is the co-core of a one-handle which
attaches to C ′ to yield C.
Suppose that successive cutting yields a region C ′′ that is polygonal with
2n edges, n > 2. Then we can add an additional n− 1 > 1 cutting arcs with
endpoints on ∂C ′′\∂X , parallel to all but one of the components of ∂S∩∂X
on ∂C ′′. This yields a collection of bigons, each with one edge in ∂S ∩ ∂X
and the other disjoint fromX . Taken collectively in the original surface, the
cutting arcs are the co-cores of a set of handles that build C up from X . 
If S and X are as in the above lemma, we say that S can be built up from
X . With this phrasing, we recall that the definition of an abstract partial
open book (S, P, h) requires that S can be built up from S \ P . To create
foliated open books, however, we need that S can be built up both from P
and h(P ). This property can be achieved by positive stabilization:
Lemma 8.2. Any partial open book (S, P, h) may be positively stabilized to some
(S′′, P ′′, h′′) with the property that S′′ can be built up from P ′′ and from h(P ′′).
Proof. In a partial open book stabilization (S, P, h)→ (S′, P ′, h′), the added
one-handle becomes part of P ′, so choosing the attaching sphere to have
at least one component on ∂S \ ∂P implies that |∂P ′ ∩ (∂S′ \ ∂P ′)| >
|∂P ∩ (∂S \ ∂P )|. Iterating, we eventually stabilize to a partial open book
(S′′, P ′′, h′′) with the property that each component of ∂S′′ \∂P ′′ meets ∂P ′′
in at least two intervals. Thus S′′ can be built up from P ′′, as desired. One
may similarly stabilize to ensure that S′′ is also built up from h(P ′′). 
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Suppose now that P = (S, P, h) is a partial open book such that S may
be built up from P and h(P ). This is equivalent to the statement that S may
be cut either along a set of properly embedded arcs {δ+i }ki=1 to yield P or
along a set of arcs {δ−j }kj=1 to yield h(P ). These arcs are the co-cores of the
handles added in the building-up construction.
Set S = SPk and define S
P
k+j = S
P
k+j−1 \ δ+j for j ∈ {1, . . . , k}. Similarly,
define SPk−j = S
P
k−j+1 \ δ−j for j ∈ {1, . . . k}. This yields a collection of
abstract pages {Si}2ki=0 that are related to each other by gluing (for i ≤ k)
and cutting (for k ≤ i). By construction, SP2k = P and S0 = h(P ), thus we
can define hP to be h|P : SP2k = P → h(P ) = S0 ⊂ S. It is clear that this
data defines a foliated open book, but the indexing of the cutting arcs is
arbitrary, and different choices will yield distinct foliated open books. We
would like to ensure that this process yields a sorted foliated open book.
As a first step, we apply a k-shift to so that the “big” page is now S0.
Interpreting an indexed set of cutting arcs {δ±i } as the intersections of
stable critical submanifolds with Sk, we must verify the conditions of Def-
inition 2.15. If the intersections are not properly ordered, then reindexing
the arcs or performing handle slides may correct this. Alternatively, one
may positively stabilize the original partial open book so that no interval
of αk = ∂Sk \B contains an endpoint of more than one δ arc. The ordering
conditions are then trivially satisfied, so the resulting foliated open book is
sorted with respect to a preferred gradient-like vector field.
Definition 8.3. A partial open book (S, P, h) is sufficiently stabilized if S may
be built up from P and from h(P ), and furthermore, if there is a choice
of associated cutting arcs that yields an abstract foliated book A(P) =
({SPi }, hP) which is sorted with respect to a preferred gradient-like vec-
tor field. For any such choice of cutting arcs {δ±i }, we say that A(P) =
({SPi }, hP) is an abstract foliatied open book induced by the sufficiently sta-
bilized partial open book P = (S, P, h).
We will show in Section 8.4 that this induced foliated open book is asso-
ciated to the “same” contact 3-manifold with boundary.
8.2. Partial open books from foliated open books. Transforming a foli-
ated open book into a partial open book requires more effort than the re-
verse process, and it relies on the Morse model of a foliated open book to
define a “minimal” page that can play the role of P and a “maximal” page
that can play the role of S. As in the previous construction, some carefully
chosen preliminary stabilizations may be required before this is possible.
This section relies heavily on the discussion of sorted foliated open books
from Section 5.3.
We will prove the following result in Section 8.3:
52 VERA VE´RTESI AND JOAN E. LICATA
Proposition 8.4. Any foliated open book A = ({Si}, h) may be positively stabi-
lized to a sorted foliated open book.
As an illustration, consider Examples 5.9 and 6.13, which show how the
(unsorted) foliated open book introduced in Example 1.1 may be stabilized
to a sorted foliated open book.
Suppose, assuming Proposition 8.4, that A = ({Si}, h, {γ±k }) is a sorted
foliated open book for (M, ξ,Fpi). Set SA = S0 and let PA = S0 \R0, where
R0 is the subsurface of S0 from Definition 5.7. See Figure 12. Lemma 5.8
implies that PA embeds in each St as subsurface. Define ι to be the map
which embeds PA into S2k, and set hA = h ◦ ι.
Definition 8.5. Given a sorted foliated open book A = ({Si}, h, {γ±k }), the
associated triple is P(A) = (SA, PA, hA).
Proposition 8.6. Given a sorted abstract foliated open bookA = ({Si}2ki=1, h, {γ±k })
with at least one of k > 0 or |∂M | > 1, there exists a positive stabilization A′ =
({S′i}2ki=1, h′) with the property that the associated triple P(A′) = (SA′ , PA′ , hA′)
is a partial open book.
We call a foliated open book as above sufficiently stabilized, and the ob-
tained partial open book P(A) an associated partial open book.
Proposition 8.6 is a partner to Proposition 8.2, in the sense that these
assert the existence of procedures for turning partial open books into fo-
liated open books and vice versa. In fact, Proposition 8.11 will show that
these are the correct procedures, in that they preserve the supported con-
tact structure. The proof of Proposition 8.6 rests on a pair of lemmas (8.8,
8.9) which will be proven in the next subsection.
Remark 8.7. We note that the hypotheses k > 0 or |∂M | > 1 in Propo-
sition 8.6 eliminate only the case of a foliated open book whose unique
boundary component is a sphere with the “trivial” foliation whose only
singularities are a pair of elliptic points. Gluing a trivial foliated open book
for a Darboux ball (Example 6.4) to M yields a closed manifold with an
open book decomposition. Much of the machinery in this section is build-
ing towards a proof of a Giroux Correspondence for foliated open books,
but we note that the classical Giroux Correspondence applies in this case.
We thus ignore the k = 0,|∂M | = 1 case in what follows.
8.3. Sorting via stabilization. Propositions 8.4 and 8.6 each assert that an
abstract foliated open book may be stabilized to achieve some given prop-
erty. In order to prove these claims, it will be useful to identify a subsurface
of the foliated boundary which is isotopic to R+ = N(G++).
We assume a preferred gradient-like vector field ∇pi on ∂M and its ex-
tension ∇pi on M . Recall that ws(h) and wu(h) are the stable and unstable
flows of ∇pi corresponding to the critical point h. Fix a regular time t = 0,
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and set ws(h)′ to be the subinterval of ws(h) that contains h and intersects
pi−1(0) exactly at its two endpoints. Set
R′+ = pi
−1[0, η] ∪
⋃
h+
N(ws(h+)
′),
where η is sufficiently small to ensure the leaves of pi−1[0, η] are all regular.
Then we claim the following:
Lemma 8.8. R+ ⊂ ∂M is isotopic to R′+ ⊂ ∂M in ∂M . If the foliated open book
is sorted, then R′+ is isotopic to SA \ PA in M .
Proof. Each of these regions is a neighborhood of a graph whose vertices
are the positive elliptic points, and each edge connects the same pair of
positive elliptic points.
FIGURE 21. R′+ in the star of a positive elliptic point.
Because∇pi is preferred, the stable separatrices ws(h+) intersect each in-
terval I+ ⊂ pi−1(0) in the same the cyclic order as the separatrices of Fpi
which terminate at the positive elliptic point at the end of I+ See Figure
21. Taking the union of the neighborhood of I+ together with the separa-
trices recovers the original the cyclic order; this may be seen by retracting
the 0-leaf to the positive elliptic point and bringing the endpoints of the
separatrices along.
Now suppose that the foliated open book is sorted, and recall the con-
struction of the associated triple (SA, PA, hA). For each positive hyperbolic
point, the arc ws(hi)′ can be pushed down to γ+i ⊂ S0 along the half-disc
W s(hi). Extending these “pushes” to an isotopy with support 0R1 gives an
isotopy of R′+ onto SA \ PA, as desired.

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Having defined the triple associated to a sorted foliated open book, Lemma 8.9
is a first step towards showing that (SA, PA, hA) meets the topological con-
ditions to define an abstract partial open book.
Lemma 8.9. Suppose that (SA, PA, hA) is the triple associated to some sorted
foliated open book. Then no component of ∂PA \ ∂SA is a circle.
In fact, Lemma 8.9 is a corollary of Lemma 8.8:
Proof of Lemma 8.9. Components of ∂PA \ ∂SA are homeomorphic to com-
ponents of ∂R′+ \pi−1(0). When R′+ deforms to R+ on ∂M , the boundary of
R′+ maps to Γ and pi−1(0) maps to Γ ∩ pi−1(0). Recall from Section 4.2 that
pi|Γ is a covering of S1. Thus every component of Γ intersects pi−1(0), and
it follows that Γ \ pi−1(0) can have no circle components. 
Now we are ready to prove Proposition 8.6:
Proof of Proposition 8.6. Suppose that A = ({Si}, h) is a sorted foliated open
book with k > 0. We will find a positive stabilization A′ = ({S′i}, h′) with
the property that in the associated triple (SA′ , PA′ , hA′), the surface SA′ can
be built up from each of PA′ , hA′(PA′), S′A′ \ PA′ , and SA \ hA′(PA′) by
successive attachment of one-handles.
As a first step, observe that any positive stabilization of the original fo-
liated open book induces a positive stabilization of the associated triple,
where the latter will be defined exactly as in the case of an abstract partial
open book. Stabilizing the original foliated open book at S0 adds a 1-handle
to S0, and hence, SA, with the attaching sphere lying completely on B. The
stable manifolds which cut out PA from SA remain disjoint from this han-
dle, so the entire handle becomes part of PA, and the monodromy changes
by the appropriate Dehn twist; this stabilizes the triple (SA, PA, hA).
Note that we may achieve only a restricted class of partial open book sta-
bilizations this way. In the case of an abstract partial open book, there are
no restrictions on the location of the attaching sphere, but each time a com-
ponent of the attaching sphere lies on ∂SA \∂B, a pair of new intersections
between B and ∂M is created. Although this preserves the dividing set,
and hence, the partial open book up to the relevant notion of equivalence,
this represents a fundamental change in the foliated boundary by introduc-
ing new pair of elliptic points. In what follows, therefore, we consider only
stabilizations of the triple along attaching spheres on B = ∂SA ∩ ∂PA; any
such stabilization may be achieved by a stabilization of the original foliated
open book at S0.
Returning to the statement of the lemma, we note that Lemma 8.9 im-
plies ∂PA \ ∂SA consists only of intervals. We will show that there exists a
sequence of stabilizations along ∂PA ∩ ∂SA that ensures the resulting SA′
may be built up from each of the specified subsurfaces, and we then show
FOLIATED OPEN BOOKS 55
that once this property is achieved for a pair (SA′ , X), it persists for the
images of the pair under any further stabilizations.
First, we observe that as PA and h(PA) are defined by cutting SA along
arcs, it is immediate that SA may be built up from PA and h(PA). This also
implies that if k > 0, then |∂PA ∩ ∂SA| ≥ 2.
According to Lemma 8.1, SA can be built up from SA \PA exactly when
the boundary of each component of PA intersects the boundary of SA \
PA in at least two intervals. When we stabilize, each added one-handle
becomes part of PA, so we may stabilise until PA is connected. In the case,
the observation of the previous paragraph ensures that SA can be built up
from SA \ PA whenever k > 0.
Now consider a map hA : PA → SA that is the identity near ∂PA ∩ ∂SA.
After stabilizing, we are free to assume that h(PA) is also connected, so the
stabilized SA can built up from the stabilized SA \ h(PA) as above.
Finally, we consider the case k = 0, when the entire boundary consists of
spheres, each of which has the trivial foliation with two elliptic points. Sup-
pose first that |∂M | > 1. Since the topology of the page remains constant
for all t, the page is connected and the unique component of PA satisfies
|∂PA| ∩ |∂(SA \ PA)| = |∂M | > 1. 
Now we prove Proposition 8.4, the claim that any foliated open book
may be positively stabilized to be sorted:
Proof of Proposition 8.4. Recall from Section 5.3 that the sorting arcs γ±k on Si
can be understood as the intersection between the page Si and the (un)stable
submanifold of the critical point h±k with respect to a preferred gradient.
If these arcs are disjoint, then the foliated open book is sorted by defini-
tion. On the other hand, when the stable and unstable submanifolds of
two critical points intersect, then these arcs might become disconnected on
the pages. In the following, we will consider sorting arcs in a a non-sorted
foliated open book only on the pages where these arcs are still connected.
Given an abstract foliated open book ({Si}, h) for a 3-manifold M with
foliated boundary, we will show that it admits a sorted stabilisation ({S′i}, h′, {γ±
′
k }).
Let j be the least index such that the sorting arcs are not disjoint on Sj .
Then γ+j intersects one or more γ
− arcs; let k denote the largest index such
that γ−k ∩ γ+j 6= ∅. We will define a stabilization at Sj to remove this inter-
section; the process will introduce no new intersections, so inductively, it
suffices to prove the proposition.
As in the definition of abstract stabilization, choose an arc γ on Sj that
connects to B near the endpoints of γ+j , follows αt to the endpoints of γ
+
j ,
and then runs parallel to γ+j except for one intersection in the interior of γ
+
j .
The hypotheses on ∇pi ensure that γ is disjoint from all sorting arcs while
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it runs along αt, and it intersects γ+j exactly once. See the first picture of
Figure 22.
+
+ -
-
γγ+j
B
B
γ-kγ-γ-
FIGURE 22. Stabilizing the abstract foliated open book
along γ removes intersections between sorting arcs.
Now perform the stabilization along γ. Consequently, γ−i undergoes a
right-handed Dehn twist for each i < j, removing the targeted intersection
point. Note that this may remove other intersection points, as well, but
it cannot introduce new intersections between sorting arcs, so it may be
repeated until the foliated open book is sorted. 
8.4. Preservation of the contact structure. In this section we prove that the
operations turning partial to foliated open books and vice versa preserve
the contactomorphism-type of the associated contact structures.
Proposition 8.10. Suppose that the partial open bookP = (S, P, h) is sufficiently
stabilized and letA(P) = ({SPi }, hP)) denote an induced foliated open book. Then
(M(P), ξ(P)) is contactomorphic to (M(A(P)), ξ(A(P)).
As partial open books only define contact structures up to contactomor-
phism and gluing “I-invariant” contact structures to the boundary, this
statement is as strong as it could be with the given definitions.
The converse statement is as follows:
Proposition 8.11. Suppose that the foliated open book A = ({Si}, h) is suffi-
ciently stabilized and let P(A) = (SA, PA, hA) denote the associated partial open
book. Then (M(A), ξ(A)) is contactomorphic to (M(P(A)), ξ(P(A)).
We first prove Proposition 8.11:
Proof of Proposition 8.11. In order to prove the proposition, we cut each of
the contact manifolds
(
M(A), ξ(A)), (M(P(A)), ξ(P(A))) into a pair of
cornered handlebodies which have convex boundary and isotopic divid-
ing sets after smoothing. The contact structures supported by the foliated
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and partial open books, respectively, restrict to each handlebody as the
unique tight contact structure compatible with this decoration, so it suf-
fices to show that the smoothed handlebodies coming from each structure
have matching dividing curves.
For (SA, PA, hA), we consider the handlebody SA×[−34 , −14 ] and its com-
plement in M(P(A)):
(
SA × [−1
4
, 0]
) ∪ (PA × [0, 1])) ∪ (S × [−1, −3
4
]
)
/ ∼
Just as in the proof of Theorem 7.1 we may embed each of these inside the
product S′×I , one of the handlebodies used to construct the open book for
an associated closed manifold. The tight contact structure on this restricts
to a tight contact structure on each of our handlebodies, and we examine
the induced dividing curves, applying standard disc decomposition argu-
ments to show that there is a unique tight restriction.
Near the binding, we proceed exactly as in Proposition 7.3. Smoothing
the edges ∂SA×{−34 } or ∂SA×{−14 } creates a right-turning dividing curve;
see the final image in Figure 19. However, when smoothing (∂PA × {0}) ∩
(SA×{0}) or (∂PA×{1})∩ (SA×{−1}), the dividing curve turns left. See
Figure 23.
In the case of the foliated open book ({Si}, h), we choose the two han-
dlebodies to be the sorted εH1−ε ∼= M and a product 1−εHε = S0×I . Recall
that εH1−ε was studied in Propositio n 7.4 (as M ), and we can construct the
dividing set on ∂(εH1−ε) as in the proof of Proposition 7.3. Comparing the
result to Figure 23, one sees that the resulting dividing sets are isotopic to
FIGURE 23. Smoothing the handlebodies in (SA, PA, hA).
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the dividing set on εH1−ε, as desired. In the case of each of the product
handlebodies, the standard proof applies. 
Proof of Proposition 8.10. Recall from the discussion after Lemma 8.2 that if
we start with a sufficiently stabilized partial open book P and construct the
foliated open book A(P) = ({SPi }, hP), we can choose the cutting arcs and
their order so that the foliated open book is automatically sorted at SP0 . The
construction of Section 8.2 then recovers the partial open book P without
further stabilization, so the result follows from Proposition 8.11. 
8.5. Existence of Foliated Open Books. In this subsection we continue
working with the notation established in Section 5.3. Beginning with a suf-
ficiently sorted Morse foliated open book, recall that the subsurfaces St \Rt
are diffeomorphic for all t and that the associated partial open book is de-
fined by considering R0 ⊂ S0 = SA.
In fact, all of the Rt can be read off from Fpi:
Lemma 8.12. For a sufficiently stabilised Morse foliated open bookM = (B, pi,Fpi,∇pi)
the diffeomorphism-type of the subsurfaces Rt depends only on Fpi.
The proof of this lemma is essentially a generalisation of Lemma 8.8:
Proof. Fix a regular time t. Since ∇pi is preferred, each leaf I of pi−1(t) con-
tains disjoint subintervals I± ⊂ I such that e± ∈ I± and I∩γ±k ⊂ I±. Define
the subsets R±t of Rt as follows:
R+t = N(
⋃
e+
I+ ∪
⋃
pi(hj)∈[t,1]
γ+j ) and R
−
t = N(
⋃
e−
I− ∪
⋃
pi(hj)∈[0,t]
γ−j ).
Thus Rt \ (R+t ∪R−t ) is just a union of strips SI = N(I \ (I+ ∪ I−)).
As a next step we will push these subsets R±t to the boundary of M .
Let hj be an index 2 critical point with pi(hj) = t∗j ∈ [t, 1]. Then W s(hj) ⊂
pi−1[0, t∗j ] is a cornered disc with boundary γ
+
j ∪ws(hj)′, where againws(hj)′
denotes the stable manifold of hj with respect to ∇pi on pi−1[0, t∗j ]. (This
employs the same slight abuse of notation as in Section 5.3.) Then we
can isotope γ+j through W
s(hj) to ws(hj)′. In the neighbourhood of ∂M
we can “turn up” the half-neighborhood of I+ in Si into an upper half-
neighborhood N+(I+) ⊂ pi−1[t, t + ε], keeping the corners. These two iso-
topies combine to an isotopy of R+t into
Q+t =
⋃
e+
N+(I+) ∪
⋃
pi(h+)∈[t,1]
N(ws(h+)
′).
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Observe that the orientation of Q+t agrees with the orientation of ∂M . Sim-
ilarly, we can push R−t into
Q−t =
⋃
e−
N−(I−) ∪
⋃
pi(h−)∈[0,t]
N(wu(h−)′),
where N−(I−) is a lower half-neighborhood of I− in pi−1[t − ε, t]. The ori-
entation of Q−t is opposite to the orientation of ∂M .
R
Q
+
+
hj+
N+(I  )+SI R-
FIGURE 24. R±t ⊂ St may be isotoped through M to Q±t ⊂
∂M (blue) and connected by twisted bands (red).
To recover the surface Rt, we must isotope the strips SI to connect Q±t .
This can be done via a twist that keeps pi−1(t)∩SI fixed. See Figure 24. This
construction allows us to reconstruct Rt from the foliation Fpi, proving the
statement.
For the critical values, Rt∗ is the degenerate surface between Rt∗−ε and
Rt∗+ε. 
Recall that the union of the Rt in M , denoted R, is a∇pi-invariant neigh-
borhood of the union of ∂M\(B × I) and the stable and unstable critical
submanifolds. Since each critical submanifold is a cornered disc with half
its boundary on ∂M , the submanifold R can be compressed inside M to
a neighborhood of ∂M and Rt ∩ ∂M recovers the foliation Fpi cut open
at t = 0. As usual, we choose regular times separating the critical points
0 = t0 < t
∗
1 < · · · < t∗2k < t2k = 1, and we write Ri = Rti . Then up to
diffeomorphism, the set {Ri} contains all the information about R and Rt.
In fact, this is the data needed to describe a partial foliated open book, which is
an amalgamated foliated- and partial open book; we examine these objects
and their applications in a future paper [LV].
As motivation for the following, imagine trying to recover M(A) from
M(P(A)), whereP(A) is the partial open book associated to the sufficiently
stabilized A. In the following, we try to mimic the gluing required for
this, but in the case of a partial open book not necessarily obtained from a
foliated open book. More precisely, we will describe how to glue R along
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∂R\∂M to the boundary of S×[−1, 0]∪P×[0, 1]/ ∼ 4 for some partial open
book (S, P, h) while respecting the foliations coming from Rt and P × {t}.
To move forward, we examine a further property of the original gluing
which will be a key to the general case.
The dividing curve Γ(P(A)) on (M(P), ξ(P),Γ(P)) is obtained as (∂SA\
∂PA) ∪ (∂PA \ ∂SA). Thus ∂SA \ ∂PA intersects each component Γi of Γ
in |Γi ∩ pi−1(0)| intervals. The next lemma ensures that we may prescribe
these intersections for a partial open book:
Lemma 8.13. Let (M, ξ,Fξ) be a contact manifold and assume thatFξ is strongly
topologically conjugate to an open book foliation Fpi without circle leaves. Then
there is a partial open book (S, P, h) supporting ξ so that ∂S \ ∂P intersects each
component Γi of Γ in |Γi ∩ pi−1(0)| intervals.
The proof of this lemma is a strengthening of the proof of Lemma 8.9:
Proof. Recall from Theorem 1.1 of [HKM09] that the construction of a par-
tial open book requires a polygonal decomposition K ′ of ∂M , where K ′ is
a Legendrian graph and the boundary of each 2–cell of ∂M \K ′ intersects
Γ in exactly two points. Any such decomposition (with some additional
choices explained in [HKM09]) gives a partial open book decomposition
for (M, ξ,Γ) in which ∂S \∂P intersects each component Γi of Γ in |Γi∩K ′|
intervals.
Define K ′ = G++ ∪ G−− ∪ pi−1(0). Then we clearly have |Γi ∩K ′|=|Γi ∩
pi−1(0)|. So we need only verify that K ′ is the 1–skeleton of a polygonal
decomposition. For this we need each component of ∂M \K ′ to be a disc
whose boundary intersects Γ in two points.
Since the graph G±± is the spine of R±, the components of R± \G±± are
all annuli. And as each component of Γ intersects pi−1(0), the components
of R± \ (G±± ∪ pi−1(0)) are rectangles D± with a pair of opposite sides in
pi−1(0) and the other two sides in Γ and G±±. The domains of ∂M \K ′ are
obtained by gluing together two such rectangles D+ and D− along their
common boundary in Γ. This gives a polygonal domain D intersecting Γ
in two points, as required. 
Now we are ready to prove the existence result stated as Theorem 3.10:
Proof of Theorem 3.10. Let Γ be the dividing curve forFξ andFpi. By Lemma 8.1,
we can find a partial open book P = (S, P, h) for (M, ξ,Γ) so that in the
identification Γ = (∂S \ ∂P ) ∪ (∂P \ ∂S), Γi intersects ∂P \ ∂S in exactly
|pi−1(0) ∩ Γi| intervals.
4Note that here, and in the rest of the paper, we construct the manifold from the data
of a partial open book using the equivalences (x, 1) ∼ (h(x),−1) and (x, t) ∼ (x, t′) for
x ∈ ∂S and t, t′ ∈ [−1, 0]. This yields a manifold diffeomorphic to the one formed by
further collapsing ∂P \ ∂S × [0, 1] to a collection of intervals.
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Construct as above the surfaces Ri for Fpi. Define
S˜i
P
= P ∪∂P\∂S↔∪∂Ri\pi−1(ti) Ri,
where the identification of ∂P \ ∂S with ∂Ri \ pi−1(ti) respects the compo-
nents of Γi.
To define the map h˜P : S˜0
P → S˜2k
P
we have to move between the differ-
ent identifications of S˜0
P
and S˜2k
P
:
S˜0
P
= P ∪R0 ∼= P ∪R+ ∼= P ∪ (S \ P ) = S
S˜2k
P
= P ∪R2k ∼= P ∪R− ∼= h(P ) ∪ (S \ h(P )) = S
Under these identifications, h˜P |P := h : P ↪→ S. Similarly, h˜P |R0 is defined
as the embedding into S after we identify R0 with R−.
Since Ri is obtained from Ri−1 by cutting or gluing, and since the rest of
S˜i
P
, S˜i
P \ Ri = P are unchanged, the tuple A˜(P) = ({S˜iP}, h˜P) defines a
foliated open book.
Notice that A˜(P) = ({S˜iP}, h˜P) is sufficiently stabilized and the par-
tial open book associated to it is exactly P . This means that the contact
3-manifold supported by A˜(P) is contactomorphic to M(P). Furthermore,
the foliation on ∂M(A˜(P)) comes from Ri, so Fξ(A˜(P)) is strongly topo-
logically conjugate to Fpi. There is thus a contactomorphism between M
and M(A˜(P)) and the image of the abstract foliated open book defines an
embedded foliated open book on (M, ξ,Fξ), as required. 
8.6. Proof of Giroux Correspondence. The results in this section so far
have described a sequence of modifications that may be made to partial
and foliated open books via stabilization. Here, we apply these to prove
the Giroux Correspondence for foliated open books which appeared ear-
lier as Theorem 6.9.
Proof of Theorem 6.9. Suppose that A = ({Si}, h) and A′ = ({S′i}, h′)) are
abstract foliated open books for the same (M, ξ,Fξ). We may assume that
each is sufficiently stabilized and that it is possible to define the corre-
sponding partial open booksP(A) = (SA, PA, hA) andP(A′) = (SA′ , PA′ , hA′).
As described in the previous section, we can recover the original abstract
foliated open books A and A′ from the partial open books by gluing the
Ri determined by the the foliation to the pages. Recall that this gluing is
associated to an identification of ∂PA∗ \ ∂SA∗ with ∂Ri \ pi−1(ti). This de-
termines an identification of ∂PA \ ∂SA with ∂PA′ \ ∂SA′ , which we will
keep in mind as we proceed.
Using [EO11], the partial open booksP(A) andP(A′) may be constructed
from a Legendrian one-skeleton K and K ′ as described in [HKM09]. These
62 VERA VE´RTESI AND JOAN E. LICATA
graphs intersect ∂M on Γ, and the intersectionsK∗∩Γ are related to ∂PA∗ \
∂SA∗ , respectively. Using the identification in the previous section, fix an
identification of the endpoints of K and K ′ and assume that in a small
neighborhoodN(∂M) ∼= ∂M×I , the graphsK andK ′ are each of the form
∪(pj × I) for some pj ∈ Γ. Now apply the argument of [HKM09] to find
a common refinement of the Legendrian graph, with the modificaton that
K and K ′ already agree near N(∂M). This yields a common stabilization
of the two partial open books while preserving the Legendrian graphs in
N(∂M). This ensures that ∂P \ ∂S is constant during the process, so at
each stage we can define the a corresponding abstract foliated open book
by gluing Ri. Since all the added edges were internal, they may be realized
as stabilizations of the foliated open books. 
Notice that in the above argument all foliated open books were obtained
from partial open books, and thus were automatically sorted. Consequently,
we get a stronger Giroux Correspondence:
Theorem 8.14. [Giroux Correspondence for sorted foliated open books] Any pair
of sorted foliated open books supporting (M, ξ,Fξ) are isotopic after a sequence of
positive stabilizations. Moreover, each of the intermediate foliated open books in
this sequence is sorted.
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